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SIMULATION OF HELICOPTER AND V/STOL AIRCRAFT
VOLUME II

V/STOL ANALYSIS REPORT

Foreword

With increasing interest in Vertical/Shor": T ake Off and
Landinp' (V/STOL) aircraft 1-y the railitary servic s it was
deternined that it w(uld l'e to the advantane of the U.S. Naval
Trainii:v Device Center to ,"ather tottether in ,nc rejort a study of
axis systeris used for retresentation of such airiraft, and to
develorp -eneral aerodynamic equations of motLion ihich • ay be used
in simulation of these aircraft. This effort has~been accomplished
in this rej'ortLfor five experimental cateý,ories of V/STOL\aircraft,
each of which, as of this date, at.pear to :ive promise of .\ecoming
,ljernt iv ,na .

Carmine C. Castellano
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SECTION 1

INTRODUCTION

The purpose of this report is to promote an understandinp of
V/STOL analysis for simulation purposes and to develop equations of
motion in a form most compatible to either analog or real-time digital
solution. Only V/STOL aircraft configurations are considered in this
analysis.

In Section II of the report a method of attack for the general
V/SOL problem is developed and various axis systems are selected.
The method developed is then applied to a number of different types
of V/STOL aircraft. A model and its conceptual representation are
developed in Section III. This model may be used as a guideline in
developing equations of motion for various types of V/STOL aircraft
but cannot be further simplified in general. The various terms in the
final equations for a particular aircraft conf!-guration must be ana-
lyzed for the magnitude uf their contributions before final simplifica-
tion is possible.

The XC-li2A tilt-wing and the VZ-J.Dk tilt-duct aircraft are used
to illustrate equation development in Section IV. Equations are pre-
sented though not painstakingly developed for the X-19 tilt-prop, the
XV-5A fan-in-wing and the P.1127 rotating thrust. A great deal of the
symbology used for these different V/STOL aircraft is used just as pre-
sented by the respctive manufacturer in order that verifying data might
be available in the proper form at the earliest possible time. At pre-
sent it appears that the equations developed will comprise a minimum
requirement. Terms in these equations which prove in flight test to be
sufficiently sill, will be discarded. Analysis of flight test data may
enable simulation with lea& rigorous equations but no such simplifica-
tion can now safely be made.

A bib]i graphy and Appendix A dealing with basic concepts of axis
systems and equations of motion have been provided for the convenience
of the reader.

(1) Refer to NUvTRAIV;CIN 1205-1 for an analysis of single and tandem
rotor helicopter configurations.
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SECTION II

AXIS SYSTEMS

METnHO OF SELECTION

We will initially consider that the aircraft is operating out of
the V/STOL region. This aircraft whether it be a transport, observa-
tion plane, subsonic interceptor or any similar type of vehicle can te
considered to be operating in a conventional flight 'egime. A descrip-
tion of both the equations of motion and necessary axis systems for this
mode of operation has been done, notably by Connelly and others in Refer-
ences 2 and 7. Connelly, in Reference 2, discusses simulation of fixed-
wing aircraft and presents optimum representations of the equations of
motion which may be used for construction of a computer. Following the
recommendations of Reference 2, we will use wind axes for the descrip-
tion of forces and aircraft body axes for the description of moments
in the conventional flight regime.

Appendix A is provided as an aid to the reader. In Appendix A the
definitions of inertial and body axes are developed. Transformations
between inertial and body axes as well as diagrams illustrating their
relationship to one another are shown.

The mini•um set of terms in the equations of motion of a V/STOL air-
craft that enable a description of its conventional mode of flight will
be designated as a necessary description of the particular V/STOL air-
craft. When the aircraft is in such a normal flight attitude, fewer axis
systems and aerodynamic coefficients may be needed for description than
during hover or transition flight. For some V/STOL configurations the
axis systems available for fixed-wing aircraft will be sufficient; how-
ever for other V/STOL configurations additional axes must be defined.
The capability of a V/STOL aircraft to change its physical configuration
during vertical and transitional flight may indicate the need of addi-
tional axis systems. In addition, the consideration of available aero-
dynamic data for a particular vehicle may indicate the inclusicn or
exclusion of certain aerodynamic coefficients while traversing the V/STCL
regioi.. The additional terms generated by consideration of the V/STOL
region, together with the minimum set of terms developed by consideration
of the conventional flirht regime,will constitute a necessary and suffi-
cient dezcrirtion of the equations of motion for the V/STOL aircraft.

It is to be expected that any physical change in the actual config-
uration of the aircraft will probably necessitate the definition of addi-
tional axes, but the existence of a change in raircraft configuration or
the .ise of additional thrist producers in the V!STOL region of fl..ght
does not necessarily force the development of new axis systems in addi-
tion to those already ,ec~fied for the fixed-wing aircraft. Each type
of aircraft must be treated individually and new axes developed only when
the effects of the special features of the aircraft configuration cannot
be accurately, economically and adequately handled with the axis systems
used to describe the conventional mode of flight.

2
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The most simple case of configuration chanre would he that causing
physical rotation of the thrust vector. This can be accomplished by tilt-
ing one or more wings at the same or different rates or by tilting two or
more ducted fans, propellers or rotors. Thrust rotation can also be ac-
complished by deflecting the flow from a thrnst source such as a ducted fan.
Yet another method of achieving V/STOL capability which may require special
axis system treatmunt is the use of special thrust producers in the V/STOI
region of fl'ght that are completely separate from the thrust producers
utilized in the conventional mode of flight. These separate sources of
thrust take the form of jet engines, fans, or completely discrete paths for
Jet exhaust.

Possible axis systems for aircraft configurations involving such de-

vices are presented below.

PARTICULAR V/STOL CONFIGURATIONS

We will now consider some examples of the use of additional axes to
describe particular V/STOL aircraft. In the final consideration of a
given V/STOL axis system the form of coefficient and performance data avail-
able for the given aircraft will contribute, to a certain extent, to the
choice of axis systems for simulation of that aircraft.

TILT-WING. A current example of tilt-wing aircraft is the Tri-Service
XC-l42A Transport under development by Ling-Temco-Vought, Hiller Aircraft
and Ryan Aeronautical Company. Figure 1 is a line drawing of this air-
craft. The XC-142A is powered by four G.E. T-64 turbo-prop engines.
These engines are mounted on a wing which can be tilted to an angle of
100 degrees from the x-y plane of the aircraft body axes such that hover
in a tail wind is possible. The tail assembly is composed of a vertical
fin -ri ridder, a movable horizontal stabilizer (no elevator) and a tail
rotor for pitch stabilization.

In order to reduce the problem of keeping track of the relative
orientation of the wing chord and the wind as well as the orientation of
resulting force vectors, a wing axis system is defined. This system has
its origin at the wing pivot point and has its x-s plane coincident with
the body axis x-z plane. The system rotates with the wing such that the
wing x axis is always parallel to the wing chord. Further, a set of wing
stability axes is defined analogous to stability axes of fixed-wing air-
craft. This system is rotated about the wing y axis by the angle of attack
of the wing; i.e., the angle formed by the projection of the aircraft
velocity vector on the x-z plane of the wing axis system and the wing x axis.

Also, in the transition and hover regions the forces developed at

each propeller become the primary components of the stability of the
aircraft. Therefore, an axis system (the propeller axis system) is speci-
fied for eaah main propeller. It Wiy also be necessary to develop a
propeller axis system for the tail rotor of some similar configurations,
but this is not necessary for the XC-l142A as shown in subsequent portions

of this repert.

3
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Figure 1. Three-View of XC-11?2A
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These axis systems enable the development of force and moment ex-
pressions for the wing, main propellers and the tail rotor. The result-
in, forces and moments are transformed to aircraft body axes and there
incorporated into the total force and moment equations. These axes in
conjunction with inertia., body and wind axes would r.-.mprise a sufficient
description of axes for simulation of a tilt-wing transport.

TrLT-1ICT. An example of the tilt-duct is the VZ-4DA of DOAK Aircraft
Company. This is a small aircraft with tiltable ducted fans, one at
each wing tip. The tail assembly is composed of a vertical fin and
rudder, a horizontal stabilizer and reaction controls. As for the tilt-
wing it is desirable to compute the direction and magnitude of the thrust
vectors from each ducted fan in order to simulate a trdm aircraft in the
V/STOL region. In order to accomplish this each rotatable ducted fan
should contain an axis system. The resulting force and moments are trans-
formed to the aircraft body axes by considering the angle of tilt of the
ducts with respect to the wing. Figure 2 is a line drawing of this air-
craft.

Another example of the tilt-duct is the oroposed 4 ducted fan VTOL
transport, the Pell D2127 of Bell Aerossystem Company. Here again axes
for duct velocities and duct thrust vectors &re desirable. Attached to
the aft side of each duct are wing areas in line with the air flow. These
wing areas rotate with the ducts. Forces and moments created by these
surfaces can be computed in the axis system defined for the ducts, and
then transformed to fuselage axes through the duct tilt angle, thus

enabling sunration of total forces and moments. In general, the thrust
output of a ducted fan varies with its direction of flight with respect
to axes located in the duct. The thrust output is not necessarily col-
linear with the axis of the fan. The components of force perpendicular
to this axis become significant in the total moment equations and in
general, these components of force have varying lever arms on which to
act and become particularly significant terms in vertical or near verti-
cal flight.

TILT-PROP. An example of this type of aircraft is the Curtiss-Wright
X-19. Figure 3 is a line drawing of this aircraft which has two engines
driving four propellers. Four tilting propellers are mounted in nacelles
at the tips of tandem high wings. Stabilization results from variance in

the control of pitch at each propeller. Pitch angle control comes from
simultaneous change in the pitch of the forward propellers and the aft
propellers respectively. Roll angle control results from simultaneous
change in the pitch of starboard propellers and the port propellers
respectively. Yaw angle control is developed from simultaneous change
in the propeller pitch of diagonally cposite propellers. Since the
propeller nacelles rotate, a nacelle incidence angle is defined with

respect to the aircraft body axes. In order to account for the variance
in magnitude and direction of the forces developed at each propeller
individual axis systems will be definedg The propeller axis sytems in
addition to the axis systems of the conventional aircraft enable a suf-
ficient description of the equations of motion of the X-19. Propeller
axes are required because of the importance of nonaxial components of
thrust in each nacelle.

5
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Figure 3. Three-View of 1-19.
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'-T-,N. An examrpln of thin ty-pe of aircraft is the Ieneral Flectric!
T.van Aeronautical X'V-CA V/STOl, resea-ch aircraft. Fibure h is a line
drawinr nf ,,ich an aircraft. ý'or this aircraft exhaust gases are emitted
,.trailrht out tfhe tail pires in normal flight. ."or transition to, and
operat,'on in, vertical fli-ht the tailpines are blocked off and the ex-
ha,:2it iases are diverted to three free wheeling fans--one in the nose and
a pair of larre lif't fans embedded in the wirngs. The thrust developed
out of each fan is controlled by fan exit louvers. The thrust is propor-
tio:,,i tr, fan rrm, and its direction is controlled by the settinf of the
louvers. if thr';st versus fan rpm data and louver position versus thrust
data were available such that the direction and mag-nitude of the thrust
at each fan could be described. then forces and moments could be developed
in existinf wind and body axis systems so that the aircraft could be
signulated by methods already developed for msbsonic jet aircraft. How-
ever, if necessary, an axis system describing louver position could be
developed in order to keep track of fan thrust. durinp transition and hover
conmitions.

ROTAT T!1 TH{RT'ST A!? rEFLECTED, T!{RUJST. An example of rotating thrust is
the Hawker P.1127 f'-sonic V/STOL strike fighter. Figure 5 is a line
drawing of such an a trcraft. A deflected thrust aircraft example is
the VTOL trainer :7,:! rt aircraft, X-14A. by Bell Aerosystems Company.
The P.1127 is powered by the Bristol Siddeley BS 53 engine which has four
simultaneous rotating nozzles. The thrust being ejected from each nozzle
is capable of being rotated through an angle of 100 degrees from a posi-
tive X-aircraft body axis. Nozzle deflection angles over 90 degrees
allow for braking flight cdiring a STOL maneuver. For this system we
keep track of the thrust vectors from the exhaust nozzles of the power-
plant. This can be done by tracking the rotation of the main exhaust
nozzles with respect to body axes. No extra axis systemrs appear to be
necessary.

In the case of the X-lhA, thrust diverter position and power output
of the engines may give enough information to determine thrust magnitude
and orientation.

For both the P.1127 and X1h-A, no additional axis systems are neces-
sary for the development of the equations of notion for the rurpose of
simulation. Aerodynamic data should enable thrus-t calculations in wind
or body axes, and the consequent direct cn.-r,:tation of aerodynamic forces
and moments.
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SECTION III

MATHEMATICAL MODEL

In this section we will construct a mathematical model which can be

applied to the simulation of any V/STOL aircraft. With this model,
equations of motion for various V/STOL aircraft configurations are evolved
in Section IV. The approach used in deriving these equations of motion
will enable the reader to develop simulation equations--as needed--in a
systematic and simple manner for V/STOL configurations that are evolved in
the future.

The method of attack is to start with the equations of motion repre-
senting the conventional mode of operation of the V/STOL aircraft; to
choose appropriate axis systems based upon the particular aircraft which
are in addition to the inertial, body, stability and wind axes; to deter-
mine the V/STOL aerodynamic characteristics not simulated by the aircraft
in its conventional flight mode; and finally to write the equations of
motion for the V/STOL aircraft. The first objective is to develop the
idea of a conventional flight mode.

CONVENTIONAL FLIGHT MOWE OF V/STOL AIRCRAFT

The V/STOL aircraft (in the conventional mode of flight) is de-
scribed by a set of necessary equations. There is no attempt to define
whether they apply to single or multi-engine propeller or jet aircraft.
The configuration of the aircraft is not defined other than there are
control inputs for rudder, elevator, flap and aileron. There is no
indication as to low or high performance or mission. Modifications of
the basic simulation equations describing this model will depend upon
the particular V/STOL aircraft. Consequently, specifying the particular
aircraft enables the addition, if warranted, of the factors which allow
the necessary equations of the aircraft operating in the conventional
flight mode to become a necessary and sufficient set of simulation equa-
tions. In conjunction with the following, the development in Appendix A,
and Reference 2, we are able to write the equations for a V/STOL aircraft
in tae conventional flight mode.

MATHEMATICAL MODEL OF CONVENTIONAL FLIGHT MOM OF V/STOL AIRCRAFT. The
coni-ntional flight mode is represented by a set of three force and
three torque equations. Linear and angular rates are obtained from
these equations.

Linear Motion. The following are the force expressions(1)( 2 )

FNi . FNi (i - i, 2, 3)
e I• w external

I = internal
N a inertial axes

gee Appendix B of A-MMVEN 1205.1 a Appendix A ne.eln.
(2) Connelly, reference 2, develops similar equations of motion.

11
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The Pi are the total external forces which are composed of aero-
e

dyneamic and gravity forces and the JF'i are the total internal forces.

We can view the aircraft as a system of mass Doints such that the dis-
tance between pairs of mass points are constAuit throughout the aircraft's
motion. This is a rigid body, and consequently work done by internal
forces between pairs of mass points vanishes. However, since we have a
rigid body the center of mass of the mass points (m1 ) is concentrated at

a single point and the radius vectors (rI) from the inertial frame to

each arbitrary mass point are replaced by a radius vector r to the center
of mass, We then have the following:

SNNi rNi (3.1)
IF r•rI -Mr

M - ImI mass of the aircraft

Equation (3.1) is expanded to give:

N2 *N2
IF - M r (.2)

IF N .M rN 3

To facilitate the description of forces aircraft body axes are
located at the center of mass of the aircraft. Forces described in the
Ni axes are transformed to the Xi body axes as shown in Appendix A. We
have then the following equations:

IF1 -M(+Wql - Vr)

IFX2 a M(i + U r - W p) (3.3)
a

Ie3 - M(O * V p - U ql)

In equations (3.3) the following identifications are made:

•i - Aerodynamic Forces + Gravity Force + Engine Thrust

where Xl - x, X2 - y, X3 - z, T - engine thrust, and aT is the angle

of the thrust line with respect to the x-body axis.

12
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So that there is

I- X - M g sIn 9 + T cos a

eFY - Ya + M g cos e sin 4

F z a ZZ + M r cos e cos t- T sina
e a T

From (3.3) and (3.h) the force equations in aircraft body axes are:

Xa M (l' + WqI - V r) M g sin e - T cos aT

Ya M (V+ U r-Wp) -Mg cos 9 sin t (3.5)

Za -M (W+ V p - Uq) -M g cos 6 cos 4 + T sin aT

Angular Motion. Following are the tarque expressions for tke aircraft
in conventional flight. It is practically a universal practice to
develop aircraft angular motion in body axes both in the aircraft manu-
facturing and simulator industry. For simulation purposes this practice
avoids the added problem of transformations of the products and moments
of inertia which would be required if other axis systems were used. From
Appendix A we write for the torque components the usual dynamic terms in-
volving products and moments of inertia, angular velocities and accelera-
tions, and the coupling of angular velocities.

La = Ill P - '13 (; + pql) + (I33 - I22) qlr

Ma - 12 2 q4 11 3 (r2 _ p2) + (Ill . 133 ) pr 0.6)

Na - 133 r 1 13 P - qlr) + (122 - Ill) pql

In the equations of 3.6, the x-z plane of the aircraft body axes is a
plane of symmetry. Consequently products of inertia (112, 121, 132)

are zero. La, Ma and N are the aerodynamic coefficients necessary to

describe any V/STOL aircraft in conventional flight.

13
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CeFFF'ICIEN' FORCE OR TOOI)UE EXPRESSION

a ; (, Ma)-D V SC (a. Ma).• a x 2 o x a)_,

"Cx () 1 0V 2Sx( so 8

CX6F 2 x7•

1 2

•4
C o V2 SC 8FcYB Ye

Za C Z (avM)2 0Vsc z(a. Ma)

•-I v2s 6F
z 6F 2 6F

1 2
6E S 6E

C,1 2

L! C oV Sb Ca 1i 2
Sc] •- V2Sb 1A•A

C1s I V2 SbC16 8R

ci~xoi 2 Sb C6R 6R"

1 2

C18  ~V Sb C1  6AR

C1  VoVSb2•RCC1  C12

C V2 SbC r 6R

Table 1.. Diie "emn•,nic (o0C'F'"Ci•nt., UJsed for Basie Aircrafrt
SBest Available Copy
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COEFFICIENTS PORCE OR TORQUE EXPRESSION

M C (a, Ma) V 2 SC C (ama)
a m 2 m .

C p V2 ScCF . 8F

c V2 Sc C 6E
m6E 2 NE

Cm 1 V Sc2 C q
q 4 m0

C M OV Sc 2C~,.
a

N C V2Sb C
a no210 noN6A 12 s 6A•

I 1 V2 Sb C 6A!o v2sc .8A

n 6R 2 nC8R

i VSb2 C p

C VSb2 C r

"r ITr

V Aircraft velocity

P -Air density

S Wing area

b 5 Wing span

c Mean aerodynamic chord

Table 1. Dimensionless Coefficients Used for Basic Aircraft (Cont'd.)

15
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FXAMINATION OF COEFFICIENTS FOR V/STOL AIRCRAFT IN CONVENTIONAL FLIGHT
MOPE. Following the work presented by Connelly in Reference 2, we will
state that the coefficients listed in Table 1 constitute a necessary
number of aerodynamic coefficients in order to develop the aerodynamic
forces and moments for a V/STOL aircraft in conventional flight. In
many cases actual manufacturers' data may not be available for just these
specific coefficients. For example, data are usually available in terms
of coefficienL of lift (CL) or drag (CL) which in turn can be transformed

to give Cx and Cz. Table 1 is then a list of what is considered to be a
minimum number of aerodynamic coefficients to describe the aircraft in
conventional flight. Modification of this list is possible when the
flight of the aircraft is described in the V/STOL region.

For an actual V/STOL aircraft the equations for X, Y, Z, La, Ma
and Na may contain terms due to the specific effect of various aircraft

components--the wing, propeller(s) or ducted fan, the fuselage, vertical
tail and/rudder, horizontal tail, and devices to insure trim flight such
as a small variable direction thrust propeller or ducted fan. Each of
these forces and moments due to the various aircraft components will
have associated aeroynamic coefficients--some common to the aircraft in
conventional flight and other aerodynamic coefficients applicable only
to the particular V/STOL aircraft.

STATEMENT OF EQUATIONS FOR V/STOL AIRCRAFT IN CONVENTIONAL FLIGHT MODE.
From the force equations (3.5) and the torque equations (3.6) and the
data of Table 1 we can write a set of equations for the aircraft in
conventional flight. It must be remembered that these equations are
only guidelines. They give us an insight into what will be contained
in the simulation of a V/STOL aircraft. The equations which follow
(3.7 to 3.12) are written in aircraft body axes and do not include ef-
fects due to landing gear or other variations in external stores or the
aircraft configuration.

X Force Equation

1 V2S(Cx(aMa) + Cx( ) + C 6F]
x 6F (3.7)

m(U + WqI - Vr) + mg sin G - T cos aT

2
or (2+ S- Vr) [ y (Cx(a, Ma) + C (0) + C,6F 8F] - sin e

+ T cos a
m T

Y Force Equation

1 a V2S(y88 - m(i + Ur - Wp) - mg cos 0 sin *

V2S C (3.8)
or ( + Ur - wp) + gcos sin

16
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Z Force Equation

1 2 8~ E
F 0 v S [C.(a, Ma) + C ."F + C . 8E(3.9)

M(W + Vp - Uql) mg~ cos 0 cos *, + T sin a T

or 2 S 8E]
(+ Vp-Uq) r [ (a,a

+ g cos e cos @ -T sin -T

Roll Equation

1 o vSb(2VC1 . + 2VC 6A + 2VC .6R + *. p (3.10)
)A 8R½

+ bC1 r * r)

-ll - 13 (; + pql) + (133 - 122) qlr

or 1r " 13 (; + pql) -(1 33 " I22) r

+ VJ v (2VCI 0 + 2VC 8A + 2VC 86R + b C . P + b C r)
B11 1 A 18R ½

Pitch Equation

Sp VSc[2VC (a, A). 2 F. F + 2cV 8E + c C ql] (.31)
"1 m.95F "'5E mq1  1  (.1

2241 i 1 3 (r 2 . p2) + (ill . 133) pr

or or " 1÷ (r 2 p p2) .(IlI•I ;-_ )~
12 1...pr

+ a- (2VC 3(,pMa) + 2VC 8FF + *6C.8z + VCC q, - cC* .)
2 SF M1,

17 -
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Yaw Equation

1 0 VSb(2VC 8 + 2VC 6A + 2VC n 6RRbC +p (3.12)
n n A n 6Rn

+ bCn .r)r

n 133r 1"3 (p" qlr) + (122 - Ill) pql

or + 13 ("qlr) (122 1 11) Pq

133 1 33 1

, 0 VSb (2V6R .8÷2VC. .8A÷2% . +R bC .p bC r)
36A 6R p r

ADDITIONAL AXIS SYSTEM SELECTION

The next step ir. the mathematical model is to choose the necessary
additional axis systems in order to describe the particular flight
performance of a given V/STOL aircraft. In Section II axis systems were
discussed in conjunction with particular V/STOL configurations.

V/STOL AERODYNAMIC COEFFICIENTS

Once a system of axes is selected, additional coefficients may be
specified. These could relate to thrust for jet, propeller of ducted
fan. They could be functions for speed brakes, slats, external stores,
landing gear, drop tanks, bomb bay doors or louvers for control of air
flow. The inclusion of arn such coefficients in best illustrated by
the tilt-wing example in Section IV.

V/STOL EQJATIONS OF MOTION

With the equations of the V/STOL aircraft in conventional flight,
axis systems, and a study of the particular V/STOL aerodynamics dis-
cussed up to this point, we are now ready to write the equations of
motion for the V/STOL aircraft. No small angle, or small term simpli-
fications have been made in the force or torque equations of the air-
craft in conventional flight. Simplifications may be made during the
development of the equations for a particular aircraft.

3
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SECTION IV

EQUATIONS OF MOTION FOR V/STOL AIRCRAFT

In this section equations of motion will he developed for five
V/STOL configurations. These configurations--tilt-wing, tilt-duct,
tilt-prop, fan-in-wing and rotating thrust--incornorate individually
and collectively the designs of V/STOL aircraft currently being devel-
oped. A particular aircraft, either one that is proposed or a proto-
type will be used as an example of each of these configurations. The
first type to be considered is the tilt-wing.

TI LT-WI Nrg

The Vought-Hiller-Ryan XC-142A Tri-Service Transport will be used
in the example in the development of tilt-wing equations of motion.
The equations from Section III will be modified so that they are appli-
cable to an aircraft such as the XC-142A.

In order to obtain some idea of the XC-I42A let us consider
Figure 1, Table 2 and Table 3. In Figure I, a three view arrange-
ment of the XC-142A is shown. Table 2 contains some of the physical
characteristics of the aircraft and Table 3 is a list of definitions
of symbols contained in the XC-142A equations.

With this general idea of the XC-142A, we may now develop the
mathematical model for the XC-.I2A. First, define, if necessary,
applicable axis systems. Second, develop additional aerodynamic coef.
ficients. Finally, write the equations of motion for the XC-142A.

19
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CHARACTERT STIC VALUE

Normal Gross Weight 37,474 pounds
Center of Gravity (aft of the leading edge

of the mean aerodynamic chord (MAC))
Max Forward 10% MAC
Max Aft 28% MAC

Win Total Area 534.37 ft2

Span 67.5 ft
Aspect Ratio 8.53
Dihedral Angle -2.120
Airfoil Section NACA 63-318 (Mod)

Trail Edge Flaps - Double slotted
Maximum r Deflection 600
Deflection for take off (STOL) 400
Deflection for landing (STOL) 600

Leading Edge Flaps
Deflection 87°

Ailerons - Plain
"Maximum Deflection (wing up) + 500
Maximum Deflection (wing down) 150

Horizontal Stabilizer - All moving 2
Area 163.5 ft
Span 31.14 ft
Aspect Ratio 5.08
Dihedral Angle 0
Airfoil Section (root) NACA 0015
Airfoil Section (tip) NACA 0012
Maximum Deflection (leading edge up) 600Maximum Deflection (leading edge down) 150

Hinge Line, % of tail mean geometric chord 13%

Vertical Tail
Area: Fin to rudder hinge 95 ft 2
Area: Rudder aft of hinge 21.6 ft2

Aspect Ratio 1.87
Airfoil Section (root) NACA 0018
Airfoil Section (tip) NACA 0012

Fuselage
Length 50 ft
Length (including tail rotor) 58.12 ft
Outside Height 10,72 ftOutside Width 9.25.ft
Maximum crosst-ectional area 90 ftc

Prop rlire

Diameter 15.5 ft
Number of Blades 4

Tail RotoE
Diameter 8 ft
Number of Blades 3

Table 2. Selected Physical Characteristics IC-142A

20
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CT S Coefficint off thruet at wing due to inflow volocitc y

T Total thrust of main propellers

n .... Advace ratio rain prorellor

JTR Advance ratin t#il rotor

Nn RPM - wain prpipell~r

NTR RM? - tail rotor

N Nowinal RTN - Pmin propeller

Bn Blade pitch angle - inin propeller

Tn Main propeller thrust

Nn Main propeller thrust corponent normal to Tn

Tn Msin propeller momnt (initial2,y turning)

SMain propellor row"snt (initially pitching)

n Main propeller torque

Dn Diamter rain propeller

DrR Diarinter tail rotor

B TR Blade pitch angle - tail rotor

TTR Thrust - tail rotor

IE Inertia of moin propeller blades &td 9haft

"nE Angul'- vnlocity rain propeller

SAngulAr accnlierAtion m ain propeller

ITR Inertia of tail rotor blades and shaft

AnNlR r vm]ocity tail rotor

Table 3. ýf initIon cf I-bYl1 "'• i 7"n-1_? '
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AXIS SYSTEMS FOR XC..,I2A. In order to describe the dynamics and aero-
dynamics of the tilt-wing aircraft one axis system--the propeller axis
system--in addition to the inertial, body, stability and wind axes is
required. The wind axis system is complicated by the tilt of the wing.
Figure 6 shows the wing tilt angle (i w) and the variable distances

(xa~cx and z ac.) that track the aerodynamic center (a.c.) of the wing as
the wing is tilted through the angle iw . The aerodynamic center of the

wing as located in the x-z body axes plane is the origin of the wing
stability axes. The wing stability axis system is parallel to the air-
craft stability axis system and has its origin translated by Xa.c. and

Za.c. from the aircraft stability axis origin (which is located at air-

craft c.g. nominally) as in Figure 6.

Wind 
W nnWing Aerodynamic

w Center (a.c.)

Wind "-.

Xac

Aircraft
c.g.

*z body axis

Figu a 6. Wing Stability Axis System

The additional axis system, the propeller axis system is shown in
Figure 7. The axis system is repeated for each main propeller, so that
there are actually four main propeller axis systems. The propeller axis
system will enable the development of the propeller thrust (T ) propeller

torque (Qn) in terms of propeller power, a normal force (Nn) perpendicu-

lar to Tn along the propeller blade, and propeller moments (Mn ) and (Y n).

Further development of these propeller forces and moments will be
considered in the discussion of aerodynamic effects.

23
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x

a in *n coo Pr $inai

can Fn

.0,d 4~ Propeller Plane

V y

Yknmentes and Tn

(1) Pn a 0 p'Va
Nn is Ini the x-s plans
To to In the x-7 plane

(2) Pn + 00 LW w 0
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At this point in the discussion we will recall the equations of
1(ý,ion of the basic aircraft as discussed in Section III. The internal

:-.-rv'nts (the right side of the moment equations) now include gyroscopic
cffects due to the rotating mass of an engine. The gyroscopic effects
are due to the main engines and the tall rotor. For the main engines
we have the following terms representing gyroscopic effects:

*+ (IE ) cos iw - ql(IEnE) sin iw for La term.

P(IEQE) sin iw ÷r(IEnE) cos iw for Ma term.

- (IEyE) sin iw - qI(IE•E) cos iw for N term.

For the tail rotor we have V
+ qliTRnTR for La term.

0 for M term.a

- pTTR"TR for N a term.

In these terms p, q, and r are respectively the angular velocities around

the x, y and z body axes. The wing tilt angle is iwe IE and ITR are

respectively, main engine and tail rotor inertias and QE and QTR are

respectively, engine and tail rotor rotational speed.

The equations of motion without expansion of the aerodynamic terms
and incorporating the engine gyroscoric and tail rotor terms become:

Xa m(U + Wql - Vr) +mg sin e

Ya "m( Ur - Vp) -mg cos a sin -t

Za m(W + Vp - Uq) - mg cosecos e c\

La T Ill - 13(; + pqj) * (133 - 12 2 )qlr + (1 0E) cos iW - N( E)

sin iW ÷qI TRnrR

M a Iq22; 1  1 1 3 (r 2 - p2 ) + (1ii - 13 3 )pr + P(IEE) sin iw

+ r(IT c) 00

Na - T33j - I13(p - qlr) (122 - Ill)Pql - (IE0E) sin iw - ql(IEfLE)

Cos 'w - PITRSTR Reproduced Froln
25 Best Available Copy
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The aernctiardc forces and nornents--XV, Ya' Za' Lat Ma and Na will be

developed for the tilt-w~nr aircraft so that a complete set of equations
of nction is rresented.

AEROM'AXXM1O FORCES AND M•,ON'7S - XC-lh2A. In the equations of motion
developed for the basic aircraft in Section III a set of aerodynamic
force and mo-uent terms were developed as a function of specific dimension-
less wund aerndynani,' coeffi'-ients. We will develop aerodynamic force and
mor'enit exrressions based uren the narticular configurations of the XC-142A
ti l t-.wing aircraS4r--

In order to develor exrressions for X Y Z L M. and N con-
at'a aý a' a and t cn

tributions from tne major airframe components of the'XC-l42A aircraft will
be considered separately. The major components to be considered are the
wi~r, the main propellers, the vertical tail and rudder, the horizontal
stabilizer, the tail rotor and the fuselage, After the aerodynamic force
and moment expressions for each of these major components are developed,
they will be sumned to get the total aerodynwiic force and moment ex-
pressions. These total force and moment expressions can then be visually
checked with the aerodynamic force and moment expressions developed for
the basic aircraft in Section III. The expressions in Section III will
be contained in the aerodynamic force and moment expressions developed
for the tilt-wing XC-l42A.

Before continuing we will develop the aircraft body axes to inertial
axes transformation. The matrices are:

NI .cos cos a cos * sin e sin @ cos * sin @ cos 0 Xl
- sin * cos 4 + sin * sin 8

N2 - sin cos 8 sins*nsinesin sin * sin 0 cos 0 X X2
+ cos *•cos -COs * sin @

N3 -sin 0 cos e sin 4 cos cos4@ X3

In these matrices NI is north, N2 is east and N3 down for the inertial
axes, and Xl is x, X2 is y and X3 is z for the aircraf• body axes.

8, e and t are conventional Euler angles. Their definitions in
developing the above matrices are shown in Appendix A.

The inertial to body axes rates are:

r - - sin e * •

qcos e sin t + 8 cos 4

r - cos cos t - e sin 0

Reproduced From
Best Available Copy

26



A~d cc~nver~ely:

p p + q, tan pin 4 + r t'n e con *>
'A.

o - * - r sin 4
Cos 4 +, int

co ÷ 6 " con

We are now ready to develop .he Rvro4rnAxic forces and -wocnts for
each rajor copponent of the aircraft. The first to be considered will
be the effect of the fin propellers. It should be noted that the ex-
pressions developed are for hovering, transition and conventional flight,

¶Jn Propeller. There are four ratually similar systems of axes
ueed to describe forces and moernts generated by the mwin propellers
during haver and low aircraft velocitiec. An analysis which was developed
b7 Ling-.-Temwo-Vought (Reference 6) for the XC-lIh2A is adopted herein for
the description of miin propeller foreea and maemnts. The smbecript n.
(n - i, 2, 3, 4), denotes the particular propoller. They are n'nberd
left to right looking from the top.-l and 2 are port propellers; 3 and 4
are starboard propellers. The approach used to develop the required
prpeller equations is to first consider the propeller geomotry, next
state the aerodrnanic coefficients and finally It* expressions for
the force and moment contributions of the main opellers.

1. Kein P~ropeller O~oowtry. Prox li 7 eý wind vector
with r,"ftp"et to each propellur is forxied as Vn u w2n.

For each propller we Py define an angle o ý'hich is the angle

betven the comonent of the totel aircraft velocity (V B the x-z
plane of the body axes and the propeller axis line. If w\tO, then
*0o " a-,"

'rou geormtric con~id-rationn in Fiuroý 7 ,," Pw fori the expr^eeion
for 4n "tdch is the an;-le b#tvein the un and Vn \-lociti.

n n e

con +n _n con Sr com *o F "n()
2~~~ ~ r) i/no.6 sn

tn F

siV+" n n. r

Reproduced From
Best Available Copy
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In a like manner expressions are formed for 8 which is definedn

as the angle betweeii the velocities V sin n and wn.
n nn n

Vin en n F"
n n s in * n sin ýn

(4.2)
W coo eF sin *0

Cos n 2 - N-sin *1(wn +v) 1/2n

The velocity expressions un, vn and wn will now be developed. The

origins of each propeller axis are located along a line parallel to the
y-body axis at approximately the center of mass of each nacelle. In
Figure 7 the origins of the propeller axis systems are rotated from
V cos S by angle * . Each propeller axis system origin is located by

Xn' Yn and Zn body axis components -which are multiplied by the appropriate

body axis angitlar velocity in order to give tangential velocity components
of u,,, vn and Wn*

un - V cos 8 F cos *0 - Yn(p sin i + r cos iw) + xn q1 sin iw

+ ZnqL cos iw (4.3)

vn M V sin 0 (L4.4)

Wn a V cos 0F sin *0 + Yn (p tos iw - r sin iw) - x nq cos

+ Znq, sin iw (4.5)

In equations (4-3) and (4.5) the term Yn is a constant. In fact yI" Y4

and Y2 - Y3 since the inboard and the outboard propellers are each the

same distance from the x-z body axis plane. The component xn and z

vary as a function of wing tilt.

2. Main Propeller Aerodynamic Coefficients. The aerodynamic
coefficients presented for the main propellers follow those presented by
Reference 6. First let us define the advance ratio (Jn) for each main

propeller and the advance ratio normal to the propeller disk (J').
nn

60V
jn n • and J' Jn cosn (46)

28
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The symbol Nn is the particular propeller RPM, the number 60 changes RPM
to RPS, D is the diameter of the propeller and R the blade pitch angle

n

of the particular propeller. The aerodynamic coefficients are then
developed in terms of advance ratio and blade pitch.

acT (2 T 2 3CT 2T
CT CT 0+-- jp n (J) + P +n - B J' (i.7)

32

CP + P J' + (J* + BB ÷ B JA (L.8).n o 0 J' n (Jj, 3B n aBaJt n n

N a(CN cot ] B J sin * (L.9)

TJ' n nn

Cyn a(0 cot w) sn(0 COt)4
S z B n J n sin *n + 3--- , y (14.10)

Sainln nJ' ' n

CTn is the coefficient of thrust (Tn), CPn is the coefficient of power

used to express torque (%), CNn is the coefficient of normal thrust

(Nn)--the thrust component perpendicular to Tn* CYn and CMn are the

lateral and longitudinal hub moment coefficients that appear during wing

tilt.

3. Main Propeller Force and Moment Expressions. Before ex-
pressing the force and moment contribution in bodyr axes due to the

propellers, the individual propeller forces and moments developed in
propeller axes are stated in terms of equations (4.7), (4.8), (4.9),

(4.10) and (4.11).

TNn 2 ()
Tn = D q•-'))T

"(1o.10) and(.412)

0.0n

"N" n :,D( r) ( N 1(4.13)
0 0 n

y n = i( )2 ( -_ ) (C.T
0 ~ 0 n

29
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r; -- 2
n o

0 o n

nf) (24.
n 7' 'P( •

o 0 n

Ti (-q:ationr (h.12) through (L.16) N is the maximum RPM of the propeilers

mnd -: -s the air !ensity at sea level on a standard day. These equations

then enable us to write the propeller force and moment contributions in
aircraft body axes. Observe that each equation is subscripted by n so
that each propeller individually influences the forces and moments.

4

(AXW (Tn cos i - N cos B sin iw) (4.Y7)
a p n1l w n n w

4
(fya)p = n.I (-Nn sin Bn) (n.18)

4
(AZ a)p a nl (-Tn sin iw - Nn cos 8n cos iw) (4.19)

(ALa) " [AZa) - (AZ a) P4 Y1 -[(Za) P2- (AZ a) p3 Y2

-[(tya) + (AYa) P4 zI -[AYa)P2 + (AYa)P 3 z 2

4 4
"(Y cos B ) sin iw- E (M sin Bn) sin i (4.20)

L 4
(A:.a)M P MTVOT + E Tn(Cos i) ZP T + nkl Tn(sin iw) XpivoT

- I cos &sin i N cos N B sin iw) z
I', W 14 Cos 1

- (N2 cos 62 sin iw +N 3 cos $3 sin iw) z2

+ (. cos 1 cos i + N4 cosI cos iw) xl

+ (N2  o B2 cos 'w N3 cos 83 c iw) x2

1 14
" " (Y sin 8n) + (M Cos 8) (4.21)

1"01 n n nul n n

30
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Where MTpIvnT 1.625(T1 + T4) + 1.092(T 2 + T3 )

(AN)p -((A a) p- (AX)• ] Yl - [(AXa)P 2 " W a)p 3 ) 2 ___

÷[(Aya) + (AYa)P4] x1 + [(v a)P2+ (AYa) 3 x2  (4.22)a3

4
" "n(yc os s) Cosi- nE(Mn sin 8)cos i

nl n nw-n-i n n w

Tn equations (4.17) through (L.22) the letter p denotes the effects of

the main propellers and p subscripted pn where n - 1, 2, 3, 4 is a

particular propeller. For example, in (bLa)p the term (AZa)pl equals

(-Ti sin i-N 1 cos a1 cos iw ), In order to better appreciate these

equations let us consider the aircraft in normal forward flight where
the propeller wind vector is parallel to the x-z plane (8n = 0) and

there is no tilt of Lhe wing (i. = 0). The equations (4.17) through

(4.22) then become:
4

(AXa)P - n! l Tn (4.23)

(Y a)p - 0 (4.24)

4
(AZa)p * nl - Nn (4.25)

(tLa)p - - (-N, + N4 I y1 - (-N 2 + N) Y2  (4.26)

4

SPIVO + n T (n2 PIVOT (3x227)

4
+ (N1I + N4 )xl + (N2 + N 3 )x2 + n' Mn

(Na )p 1 (T y - C(T2 - T3 )Y2 - nil Yn (4.28)

Equation (4.23) is the total thrust and (4.25) is the total normal force
due to the propellers. Equation (4.26) is the rolling moment contribution
which will be zero if outboard (n-1 and 4) and inboard (n-2 and 3) normal
propeller forces are balanced; (4.27) is the pitching moment contribution;
and (4.28) is the turning moment contribution which will be negligible if
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the outboard (nal and 4) and inboard (n-2 and 3) thrusts are balanced
and EYn = 0. The incremental propeller forces and moments equations

(0.17) through (4.22) will be included in the total aerodynamic forces
and moments.

Wing. The calculation of wing aerodynamics forces and moments is
complicated by the wing tilt during vertical and transition flight.
These forces and moments are developed in wing stability axes by first
considering the wing geometry and then defining wing aerodynamic coef-
ficients in accord with Reference 6.

1. Wing Geometry. In wing stability axes there occurs an
induced velocity (AV) due to the propeller wash across the wing. This
gives the effect of increased lift. In order to describe the effect,
a coefficient of thrust of the wing (CTS ) is defined as a function to
total aircraft velocity (V) ).

C a -T (4.29)CTS qwSp

where Sp is the total disk area of the four propellers and qw is

the wing dynamic pressure.

qw - (q + ), where q - 1/2 0VB

SpB

At low forward speed during transition and in hover the effect of
CTS is at a maximum. The particular function of CTPS is dependent

upon wing tilt and wing flap angle which should be determined from
manufacturer's data.

From the geometry in Figure 8 the uw component of wing velocity

is Up "*+ AV. The velocity Up is the average of the un velocities

developed in propeller axes and is the predominant velocity effect in
wing axes. up is then the velocity of the aircraft (VP cos 8F) and as

such defines the body axes velocities J and W. Any V in body axes is
equal to vw since we are concerned with wing stability axes and up is

contained in the x-z body axes and x-z wing axes planes. The total
vclocity in wing axes (V w) is as follows:

- (w2 + (1 + V)2 +v 2  1/2 where v - V (4.30)

From Ftgure 8, wp - ww - 'T sin iw + W cos i (4.31)

and u - U cos i + W sin i
p w w 3
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-Z
xw

w ~

,w V Cos P

VV

y

Figure 8. Wing Axes
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From the foregoing the wing anple of attack (a w), and the wing sideslip
arle (6W) can be stated as:

a - tan"I ( w ), (4.32)
p

with the sign of aw as positive down from plus x ,.

B -tan-'- V (4.33)w kftu ,AV) +W 2
Up .P

The expression for induced velocity (AV) is derived from momentum theory.,
AV is similar to 2 the mean inflow velocity (Wi ) developed for helicopter.2 mean
inflow analysis.

AV--u + (u2 + 2 )T / 2  (4.34)

p p pS p

Rearranging we have:

(u +6V) -(U 2 +2T 1/2
p p PS p

but Vw - u + AV (4.35)p

and up - V., so thatpU o wBh a e

substituting for (u+ AV) and up, and multiplying by P we have:

1/2 PV2 . 1/2 PV2 + T
w B S

p

2
q a 1/2 OV, where q is the dynamic pressure

but w 112 pV 2

w

so that we have:

(_. ) (q + - 14.36)

Sp

1. For example, see Airplane Aerodynamics; Reference 5.
2. NAVTRATEVCPN 1205-1, Section 3.

0
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In this manner qw develops naturally from the momentum theory definition

of AV. The winp dynamic pressure is the pressure used in equation (4.29'
for CT, . Consequpntly, we have now related the coefficient CTS with

the induced velocity, AV, through the wing dynamic pressure, qw. We are

now ready to develop the wing aerodynamic coefficients.

2. Wing Aerodynamic Coefficients. In order to develop the
wing forces and moments five aerodynamic coefficients will be defined
as in Reference 6. Since the development is in wing axes, rolling (p)
and turning (r) rates necessary to define these coefficients are trans-
formed from body axes. The pitching rate (ql) is the same in wing axes

since ql lies in the x-z plane and the xw- zw plane. The transformation

of the angular rates (p and r) is accomplished by a rotation. (. From
F'igure 8 & is equal to (iw - a w). We can then write for the wing rolling

rate (pw) and the wing turning rate (rw) the following equations.

Pw - p cos t - r sin& (4.37)

rw = p sin C + r cost (4.38)

The aerodynamic coefficients for the wing are CD, C1 , (C ), (Cm ) and
(c n ). They are defined as follows in accordance with thir development

W

in Reference 6.

2CD +KC2 , D a2CD 2C =-- C CL+M,.6F + 7b-F 8 F (4.39)
o b

The strong flap dependence (6 2F) in the CD expression above, is due to

the importance of flap during transition.acL

CL L CL0 + CL .6F 6 F + a" F 6F . aw (4.40)

(C ~C, C, 8A . + b - b C 1 *r1  (14.41)
V 8 tp P+ V _ - rm 6A

(C +) *-..÷• F 2 Cm +" q( 04.42)

CC 8A -L Cc 2V- + vw- c r (4.43)
8nw n O + Cn8A V "P + " 2%
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3, Wing Force and Moment Expressions. Before writing the force
and moment expressions for the wing, equations (4.39) through (4.43) will
be transformed to the aircraft body axes through the angle t.

The body axes wing coefficients are then:

(Cx) - CD Cos - CLL sin (4.U)
w

(Cz) -mCDsin • -CL cos F (14.45)

Lw

(C)w o(C ) + sin xC (4.47)
Zam c Xac

W W W w

(Cn) =- (C) sin E +(Cn ) cos • (4.48)
w w w

xac and Zac are the respective distances from the c.g. of the aircraft

in body aes to the aerodynamic center (ac) of the wing in the x-z plane.
c is the mean aerodynamic chord.

The wing force and moment contributions to the total force and
moment equations, (4.44) through (4.48) can be expressed as forces
and moments. For example, if we have a coefficient Cx, a force, Xa,

is immediately defined as Cx Sq. 3  S is the wing area of the aircraft

and q the dynamic pressure. L..e coefficients in equations (4.44)
through (4.48) are immediately expressible in terms of their respective
force and moment contributions.

(Aa) - (C x)w S [f(CT,s) %1 (4.49)

(AZa) - (C) S[f(CT, ) T , (4.50)

w w

,,Ma) - (Cs) cS~f(cTs) q%,] (14.*52)V w

CNa) - (Cn) bS[CTVs ) Cw] (4.53
w w

3. Use of coefficients to express fcrces and moments can be reviewed
in References 2 and 7.
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Equations (4.h9) through (4.53) are the wing force and moment contri-
butions. [f(CTIS ) qw] is the dynamic pressure term incorporating the

effects of having thrust produced by the propellere and having wash across
the wing. c'onsider what happens if' the aircraft is fluyin4- and the engines
are turned off (T - 0). Then qw, q from equation (14.36) and f(T ,S); z
from data available in Reference 6. Thus [f(CTs) qw] - q with the engines

off and equations (14.49) through (4.53) are wing force and moment equa-
tions that would he expected to occur in a jet aircraft.

Vertical Stabilizer and Rudder. Forces and moments for vertical
tail (vt) and rudder arise from the relative wind pushing agairst the
vertical tail surfaces thereby causing a turning moment due to control
input to the rudder. This gives side force, as well as rolling and
turning moments.

Wind pushing against the vertical tail and rudder yields a side
force (Ya )vt arid rolling moment (AL a)vt respectively which are non-

dimensionalized In terms of aerodynamic coefficients as Cy and CZ£. The

rolling moment is coupled in rolling velocity p and turning velocity r.
We can than write for C and CL the expressions, (4.54) and (4.55).

Cy - Y + CYW 6R (4.% 4)

C is the change in side force coefficient with changing sideslip angle.

It acts as a damping term. C is the change in side force coefficientY6R
with rudder deflection and represents the controllable term in the ex-
pression. This is important in the use of automatic stabilization
systems for aircraft.

c -c L .+R + b (c p +C .r (4.55)
"8F 0 15R TV~ B Ir

C is the change in rolling moment with variation in sideslip angle.

It is caused by the position of the vertical tail normally above the
X axis and other factors as wing sweepback and dihedral. CL6R is the

change in rolling moment coefficient due to rudder deflection. CE is
p

the roll damping derivative. CE is the change in rolling moment co-
t

efficient with change in yawing velocity.

Rudder deflection will give a turning moment (ANa)vt which can be

expressed by the aerodynamic coefficient Cn, and the expression for Cn

is:
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+ R " + b rC p + c . r] (1.56)IF F n,), P nr

is the weathercock or static directional derivative, C is rudder

effectiveness, the change in yawing moment coefficient with rudder
deflection. C ir3 the change in yawing moment coefficient with varying

p
rol. inc velocity. n is the yaw damping derivative. The tail is the

r
main contribution to Cn

r

The forces and moments for the vertical tail can then be expressed
in the followinp equations:

(y )v= Sq( -- ) (S L 7)
(Aa•'vt y qq(.7

(ALa)vt It f4:(- )( .58)

q%

qv

Pere q is the free stream dynamic pressure =nd qvt is the vertical tail

dynamic pressure. This force and these moments will j included in the
tctal aerodynamic forces an- moments.

Horizontal Stabilizer. The equations for forces and moments for
the horizontal stabilizer (hs) will be developed in the standard manner.

We defir.a ct . aF + it - C

Here at is the angle of attack of the tail, a(F is the angle of attack of

the fuselage, it is the angle of incidence of the tail and C is the down

wash anrle.

In accord with Reference 6 we have

S- [4 - .0421 (iW aF)i [(CL) f(CTS) iw - aw aF
w

for the XC-1h2A.

The lift (C t) and (Crt ) coefficients of the tail can then be ex-

tt
pressed in the following relations
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r' =2 *l at
t

+

D t C , t

The horizontal stabilizer (hs) can contribute forces in the x and z
directions, and a pitching moment. The equations are as follows:

(AX = c- - cia)+ sin (it - at)] Sq(.Ž) (h.60)

(•Za~h = -~ in (it t C~t Cos (i - t)Sq(!-s) (L.61)
a hs -

tp ' f - cost - a t)]

2S
+[Cm qlVI + Cm.W] (4.62)

ql

1hs is distance from aircraft c.g. to the aerodynamic center (a.c.)

of the horizontal stabilizer and hr1s is the height of a.c. above the c.g.
Roth lhs and hhs are measured in the x-z plane of the aircraft body axes.

$ is the wing area, P is the air density, c is the mean aerodcrnamic chord
and the angle (it - at) is used to transformCLt and CDt to body axes.

Cm is the pitch ds ing derivative-the change in pitching
q,

moment coefficient as pitch velocity is changed. C., is due to the
a

fact that when the wing undergoes a changc in angle of attack, there is
a time lag before the change in dowrzwash is felt at the tail surfaces.

(AXa)hs' (AZ a)hs and (AMa)hs will be included in the total aero-

dynamic forces and moments.

Tail Rotor. The z force (AZa)TR and the pitching moment (AMa)TR

developed at the tail %ill be obtained by finding a tail rotor (TR)
advance raCio (TR ). From JTR the tail rot r thrust coefficient (CTTR

and tail rotor power coerficient (C pTR) will be found. In turn, the

tail rotor thrust (TTR) and torque (Rd is obtained and consequently

(AZa)TR and (AMa)TR. TTR is positive in the -z direction.
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WP define the total tail rotor velocity (V TR) as VTP [ + (wTp) 2

Here uTR and wTR are defined as:

UTR 0 in 0) R

WTR VP Cos (0o) - TRql

ITFI is the distance from the center of the tail rotor hub to the aircraft

e*p. and (*o) 0R locates the tail rotor with respect to the aircraft body

axes.

900 + (aF - C)
TR

Fere c is again the downwash angle and is defined as for the horizontal
stabilizer.

The advance ratio for the tail rotor is

60 VTR 60 (-WTR)
R or J'R - NTRR where NTR is

~TR NT TR 'R N TR F

the RPM and DTR the diameter of the tail rotor.

SWe now define (CTI ) and (Cp) as is done in Reference 6.
'FR PTR

C (BTR) + TTRjTTR CTTR

a2

_ (BTR)2

Here 1TR is the collective pitch of the tail rotor blades and CT (TR(

Ls developed from a curve of CTTR plotted versus BTR

The thrust (TTR) and torque (QTR) of the tail rotor is then written
as:

N 2
T * (L._p 'R _) C (.

-- o 0RTR T TR(

o NTH 'FR

.. (42 (4.&4)4. o PTR
•m nun '0
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Consequently the force and moment terms can be written directly.

(AZa) - TTR (4.65)

TR
U•) T11•RI (i.66)

(ANa) T r (l4.67)
TR

Fuselage. In a very direct manner we can write the effects of the
fuselage (F) on the total aerodynamic forces and moments.

We have for the forces

(ax -) - 1 VSC (4.68)a F a B %

CD is the equilibrium drag coefficient.
0

1 2
(AY) + vB sc .*F (4.69)F Y'F

cy is the change in side force with respect to a changing sideslip angle.

(AZa) 1 - V sc (4 .7o)
aF a - 7 B L *aFF aF

CT is the change in lift coefficient with varying angle of attack.a F

This is also known as the lift curve slope.

We have for the moments:
(ALa) - 0

aF

1 " V2 1 2
inaa2 B ScCmo VB Sc Cm F

F 0 ma F

Cm is the aerodynamic pitching moment coefficient in equilibrium flight
0

and Cm is the lo~gitudinal static stability derivative.

(ANa) lPV 2 S bC *8(4..71)
aF B no' F

F
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is the static directional or "weathercock" derivative.

1 2
Tn the above expressions q T C) V, which is the dynamic pressure.

b in the wing span, c is the mean aerodynamic chord and S is the wing
area.

Yor hoverinp and in transition regions 8 F is assumed small so that

Cos EF = 1.

E2•U'ATTONS OF MOTION - XC-1h2A. The aerodynamic force and moment terms
developed for each of the major aircraft components will be combined
and finally expressed in the equations of motion for the total aircraft.

To'al Aerodynamic Forces and Moments. The total aerodynamic forces
and moments are as follows:

Xa = (AX (X) + (AXa)h (

Va = (OYa) + (Y a)vt + (AYa)F

Za = (Aza)p + (AZa)w + W a)hs + (AZa)TR + (LZa)F

"La = (ALa)p + (ALa)w + (ALa)vt

Ma - (AMa) + (AM() A + (Am) + (AMa)TR + (AMa)F

Na = (ANa)p + (na)w + (J a)vt + (SNa)TR + (ANa)F

Equations of Motion Expanded. The forces and moments are pre-
sented in body axes. These equations are subject to simplification in
representation of aerodynamic propeller forces and moments, when flicht
test data are available from which to :et-mine typical magnitudes of
terms.

1. X Force Equation
4

(5f(C )qw + E (T cosiw - os Nn sin iw)
W 'TS nol n n

C o.t) L a sin (i- a)] Sq(Ž.) - Fa C.Lt 
0 -o

,(ýT + Wq1 - *'r w * 'v sin 0
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2. Y Force Equation.

Z (-N sin 8n) + C bSq( ) + Sq C "
n-l n 

=O

m(V + Ur - Wp) - mg cos 0 sin =

3. Z Force Equation.

4
•z )SfrT s )qww + nI (-Tn sin iw - Nn cos 0n cos i W)

+[CD sin(it - at) CL cos (it - at)] q + T q
t t R 'aF'

@m(W + Vp - Uql) - mg cos 0 cos 4

4. Roll Equation.

(CI) bSf(CTs)qqw
w

+[(+T 1sin iw + N1 cos a cos iw) - (+T4 sin iw + N4 cos 84

cos iw)] Yl

+[(+T2 sin iw + N2 cos 82 coB iw) - (+T3 sin i. + N3 COs 83

cos 'w]Y2

+ (+N1 sin 81 + N4 sin 04h)x + (+N2 sin 82 + N3 sin 83) Z2

4 4
I (Yn cos 8n) sin iw - Z (Mn sin Sn) sin i + C, b S(f)

n-l n n-I w

Ill + 113(; + pq 1 ) + (133 - 122) q~r 4. (Irn) Cos C w.

- ql(I Bn) i w + ql ITITR

5, Pitch Equation.

(Cm)CSf(CT,S)%_.

+ MPVT + Tn(Cos iw) z+ r npivot + Tn (sin ) x pivot
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-(N 1 cos B1 sin iw N4 cos 84 sin i) zI

- (M2 Cos 82 si iv w N3 Cos 6 3 sini11 Z

"• (NI cos c1 Cos iw + N4 cos 04 cos iw) xl

14
"" (N2 Cos 82 Cos + N3 Cos 83 cos iv) x 2 - (Yn sin 8n)

n-i-- __+ N2 co 8 cos 8w )-
S+ z (Mn Cos n

n-i

"" [CD cos (i - at) + cLt sin (it - t (s

"+ [C sin (i - at) - CLt Cos (i - 0t(] I q ) s

Sp• [c q+qcC Cm aF
4+ .Mq1 VB + Cm..W + TTIRITR * qSc(Cm +

q, 0 a F

I22; + 11 3 (r 2 _ p2) + (ill I 3 3 )pr

+ P(IE9E) sin iw + r(IEOE) cos i

6. Yaw Equation.

- [(Ticos i " 1 co. , C B sin i) - (T4 cos i -N 4 cos 84sn niwyl

- ((T 2 cosi - N2 cos 82 sin jW) - (T3 Co 3 co N3 cos 3 sin i]y 2

- (+N÷ sin 01 + N4 sin )x- , 2 sin 82 +N3 sin

I n cos n)coui)Cs E E (Mn sinS11 ) cos i
n-i nu n-i

*c b*q(•+qSbCn F r

+ ÷ 13 (p - qIr) ÷ (122 - 13)pq1

. (I E) Sin i - ql(IEAE) Coo iw - PITTRIT

No uiqplitications have been nfde on the right side of these six
equations. Iktnal Stores, rough air, or landinr Par conditions qave
not been developed in theme equations.
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TILT-U!CT

The VZ-1D• VTOL aircraft of DOAK Aircraft will be used in the ex-
amn. of simulation equations of motion for a tilt-duct aircraft.. Much
of the development which follows has been based upon information gleaned
from References 1 and 8. Soule and Baumgarten in Reference 8 present a
method for calculating the aerodynamic forces and moments for the VZ-hDX
and Peul in Reference 1 presents a study of handling qualities for a
tilt-duhct aircraft. From this information and the presentation set
forth for the tilt-wing example, a well-defined set of engineering simula-
tion equations for the tilt-duct will be presented realizing that an
actual simulation will be dependent upon the type and usefulness of the
aerocdnamic data available from the manufacturer of the aircraft.

In order that we may have some idea of the specific details of the
VA-4nk, Figure 2 is a three-view drawing of the VZ-4h!, Table h is a
selected list of physical characteristics of the aircraft and Table 5
is a list of sy7mbols used In developing the equations of motion. As
much as possible, repetition of sybols will be used in the various
examples of V/STOL aircraft in this section of the report.

From this general idea of the VZ-411, we may now develop the mathe-
matical model for the VZ-4M. First, define, if necessary, applicable
axis systems. Second, develop the aerodynamic coefficients. Finally,
write the equations of motion for the VZ-4hI. As needed we will borrow
from the results obtained in the tilt-wing equations of motion and from
the results obtained in References 1 and 8.

AXIS SYSTEMS FOR THE VZ-4LA. In order to describe the dynamics and aero-
dynamics of the tilt-duct aircraft, one axis system, the duct-axis system,
in addition to the inertial, body, stability and wind axes is required.
The wind axis system is complicated by the tilt of the ducts. Both of
the ducts tilt through the same angle simiultaneously. Figure 9 shows the
wing tilt angle (iw) and the duct incidence angle (iD). Duct incidence

is described in the aircraft stability axes. The force and moment coef-
ficients for the ducted fans are described in the duct axis system. There
are two duct-axis systems--one located at each duct. This is similar to
the repeated propeller axis systems developed for the XC-lI2A. We define
the duct axis system by the following three mutually orthogonal velocity
vectors. First, there is a side duct velocity (V,) parallel to the y

body axis and in a minus y direction. Second, there is an axial velocity
(VA) into the center of the duct. Finally, there is a normal velocity

(VR) parallel to the x-z plaae of the aircraft body axis system and

perpendicular to V and VA. If there is no duct incidence, the duct-axis

systems as shown in Figure 10 are similar to the x, y, z body axes. The
duct-axes (xM#, Y', xr and xic, y., ze) are right-handed systems with

y parallel to yM and yD and x in the same direction as x M and x and

z in tie same direction as z l and z. when : is zero.
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Ai rnlane:

Over-all length 31.2 ft.
Over-all span (includinR ducts) 25.5 ft.
Over-all height ]0.3 ft.

Propulsive Device:

Fan
Tlype fixed pitch
Number of blades 8
Diameter 4 ft.
Blade root chord 0.312 ft.
Blade tin chord 0.184 ft.
Solidity 0.117
Blade angle (.75R) 0.306 radians
Hub to tip diameter ratio 0.333
Fan location, position of hub from duct lip 0.806 ft.

Duct
__ CenterboýLDiameter -maximum) 1.333 ft.

Over-all length 5.79 ft.

Trim Vane 2
Area 5.66 ft.
Span 4.525 ft.
Airfoil section NACA 0009
Flap chord, 25 percent 0.313 ft
Movement 0 to + 0.349 radians

Inlet Guide Vanes
Number of vanes iI
Area (per vane) 0.333 ft.
Span 1.333 ft.
Chord (constant) 0.25 ft.
Airfoil section NACA 652 - 015
Vane location, positior of CA frcm duct lip 0.4 ft.
Movement + .1745 radians

Wing Group:

rea (excluding ducts) 96.0 ft 2

Span (excluding ducts) 16.0 ft.
Mean eerocbmnamic chord 6.08 ft.
Aspect ratio 2.67
Airfoil section NACA 2418 (mod.)
Dihedral 0 radians

Table 4. Sf t- -! rcraf': >haracteristics - V'-!,
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Aileron 2
Area (per aileron) 6.0 ft.
Span 3.0 ft.
Movement + .262 radians

Empenage Group:

Horizontai Tail 2
Area (projected) 28.5 ft.
Span (projected) 11.8 ft.
Mean aeroctmnamic chord 2.5 ft.
Aspect ratio 4.9
Airfoil section NACA 0012 (Mod.)
Incidence variable, 0 to + 0.1745
Dihedral 0.1745 radians
Elevator movement

(stabilizer incidence, 0 radians) +O.472 radians (T.E. down)
-0.472 radians (T.E. up)

(stabilizer incidence, +1.745 radians) +0.297 radians (T.E. down)
-0.576 radians (T.E. up)

Vertical Tail 2
Area 13.9 ft.
Span 5.2 ft.
Mean aerodynamic chord 2.8 ft.
Aspect ratio 1.95 (geometric);

3.02 (effective)
Airfoil section NACA 0012 (Mod.)

Fuselage:

Length (excluding reaction control vanes) 29.3 ft.
Maxinmum height (approx.) 4.12 ft.
Maximum width 3.0 ft.

Reaction Control Vanes

2Area (within 15 inch tail pipe diameter) 1.O42 ft.Span (within 15 inch tail pipe diameter) 1.25 ft.
Aspect ratio (effective) 1.32
Airfoil section NACA 0009
Movement + 0.612 radians

Table 4. Selected Aircraft Characteristics - VZ-4D (Cont'd.)
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SYM__L DEF I TION

A Aspect ratio

C T Thrust coefficient (for velocity avD)

Thrust coefficient (for velocity - V

"n!ormal force coefficient - normal force/on2r

Side force coefficient - side force/on

2
CM4 Pitching moment coefficient = Pitching Moment/QJ1

Total rolling moment coefficient for ducted-fan

Ct Total pitching moment coefficient for ducted-fan

Cn Total yawing moment coefficient for ducted-fan

CL Lift Coefficient

CD Drag Coefficient

cv Dhct chord

c Wing chord

D Fan diameter

(Iravitational acceleration

P ilicted fan incidence anple

Siw qWinp incidence angle

iHT rPorizontal tail incidence angle

iVT Vertical tail In- d*.,e angle

Axial advance ratiu (V'rD/

A Mass flow rate (slugs/sec.)

N Fan speed (R.P.S.)

Sp Roll rate about X-Axis (Rad./Sec.)

Pw Roll rate abouit v (-ad./Sec.)

! -Lon of Symbols - V,-.,A

I.
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SYMOL EFI NTTION

b Wing span

ql Pitch rate about Y-Axis (Rad./Sec.)

r Yaw rate about 7-Axis (Rad./S.c.)

S Area - Wing

TR Residual Thrust

VA- Axial velocity into duct

V R- Side velocity at. duct entrance parallel to X-Z plane

V S_ Side velocity at duct entrance parallel to Y-Axis

VE Jet exhaust velocity (see Appendix G)

x Moment arm from center of gravity along X-Axis

y Moment arm from center of gravity along Y-Axis

z Moment arm from center of gravity along Z-Axis

a Anrle of attacK

a D Arc tan (VR./VA_)

8 Sideslin arvle

6D Arc tan (Vs_/VA)

6 D Angular displacement

+C Downwash (+) or upwash (-)

o Mass density of air

0 Mass density of jet efflux

a Sidewash angle

D IWct (Subscript)

Table 5. Definition of tymbols (Cont'd.)
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)YMRTO L IEFINITTON

F Elevator

F Fan, fuel or fuselage

HT Horizontal tail

I Interference

IV Inlet vanes

J renotes port (j - 1) or starboard (j - 2)

M.G.C. Mean geometric chord

N Centerbody nose, nose or normal

OL Zero lift

R Hadial or rudder

RC Reaction control

T Test or thrust

TV Trim vane

VH Horizontal vane

VT Vertical tail

VV Vertical vane

W Wing

Table 5. Definition of Symbols (Contid.)

(c 0
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Ducted Fan

II
iD r 

Wing Control Surface

Chord /(Aileron and

Line 
Flap)

x-Bod Axis

'D 'w 6D

i =_ wing incidence angle
w

6 D change in duct angle

jD duct incidence angle

Fig Te 9. Duct Tilt Axis
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VA Axial velocity into duct

VR parallel to x-z plane

VS parallel t,) y-axis

V

ID~
,*x----

-- 
VR

V R

m. - tan-l(•)
VA

O - tan -l(v-)
A

x, y, z are body axes.

Z

Figure 10. Duct Fan Axis
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Before developing the aerodynam-ic furces and moments it should
be noted that the VA-41D has gyroscopic effects due txo the rrtating
masses in Lhe duct fan. Tn the following expressions i is the fixed

w

wing incidence angle and 8D is the variable duct angle. For the ducted

fans we have:

" (T A) cos(i+ 8D - qI(IE QE) sin (i W + for La term.

"" p sin(iw + + r(I flE) (,os (iw + for Ma term.

( (En?) + 61) q cos ('iw + 8 D) for Na term.

These expressions will be added to the internal moments in the final
equations for the VZ-41n. Next the forces and moments-- Xas Ya' Z a'
La, Ma, and Na will be developed for the tilt-duct so that a complete

set of equations of motion can be written.

AERODMNAMIC FORCES AND MOMENTS VZ-4DA. In order to develop expressions
for the aerodynamic external forces and moments, contributions from
the maJcr airframe components will be considered separately. The major
components to be considered are the wing, the ducted fans, the vertical
stabilizer and rudder, the horizontal stabilizer and elevator, the
fuselage and the reaction controls. As with the XC-142A after the aero-
dbmaxic force and moment expressions are developed for each of these
major comrkonents, they will be summed to get the total aerodynamic
force an' moment expressions.

Wing. The calculation of wing aerodynamic forces and miments is
relatively straightforward. In Reference 8 a definition of the wing
aerodynamic coefficients is developed. These coefficients contain
interference and damping effects. The aerodynamic coefficients for
the wing in accordance with Reference 8 are as follows:

3CD 2
(CD) w (CD) 32 CD L 2 aw (4.72)

D CL

(CL)w = (CLo) + (CL a) aw (4.73)
w

S b b
(C (C" .• + (C ) P. + (C 1 ) rC (4.74)

Y w YeW P V rv oaw
(d - (C aw 2+ b Co Pw+J (Cr rw+ C. 6A (4.75)La ' 2V IV " Pw 2VW )" w

c 3C M
(C ) - (C + rr) ( q + -- . 6F (4.76)

0ow w q
w
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-" (n~w (Cn~w"Bw 2V• (n op+w"Pw 2(Cnr"rw"nA
* + . A (4.77)

"In Figure 8 we see how aw is defined. For purposes of clarity the

win, incidence angle, iw, has been exaggerated. AV is the induced

velocity previously defined in equation (4.34) which is derived from wash
effects across the winp. In Figure 8, we see that:

2 2 2 2
Vw- (uw v + + vw + ww

So that:

---- uw w ) *sin 1 Vw (4.78)

and :
-- S tanJ I 

(4.79)

In equation" (4.78) and (4,79) vw - V and at low velocities where AV9O,

thenV w - VR.

In order to transform wing data to body axis we rotate through an
angle where C - (iw - a).

Before writing force and moment expressions for the wing, equations
(4.72) through (4.77) are transformed to body axes by rotating through
the angle C as in the similar analysis for the XC-142A (Section IV).

(Ax w (CL)w sin E - (r!) coW Co (4.80)

(Cz)n - - (CL)w cos C - (CD)w sin C (4.81)

(C )w- (Ct)w Cos t- (C n)w sin C- (CY)w ) (4.82)

(Cm)w (Cm)w + c (CX)w - (C7)w (4.83)c C

(Cn)w - (Cn)w Cos C + (cI)w sin & + (Cy ) w c.) (4.84)

Xa.c. and Za.c. are the respective distances from the c.g. of the air-

craft in aircraft body axes to the aerodynandc center (a.c.) of the wing
in the x-z plane. c is the mean aerodynamic chord.

As in the tilt-wing example, (Section IV) Equations (4.80) through
(4.94) are readily expressed as force and moment contributions of the wing.

54



NAVTRArEVCEN 1205-2

(AXa)w a (CX)w S qw (4.85)

( *Aa)w - (Cy)w S (1w (4.86)

(zZa)w M (Cz)w S % (4.87)

('La)- (C)w b S qw (4.88)

(Ama)w a (Cm)wC S qw (4h.89)

(ANa)w = (Cn)w b S qw (4.90)

In equations (4.85) through (4.90) S is the wing area, c is the
mean aerodynamic chord b is the wing span and qw is the wing dynamic

pressure (qw -/2 P V w). These equations will be incorporated in the

total force and moment equations.

Ducted Fan. In the calculation of ducted fan aerodynamic
forces and moments wake, interference and damping are included in tbe
definition of the aerodynamic coefficients. Six coefficients CT, C N

Csj, C j , and C are defined in Reference 8 to describe the
a1J

behavior of the ducted fan. These coefficients are as follows:

CT4 CT T+ CTI + ACTI (4.*91)S Tj I IVj

CT is the total thrust coefficient. CT is the change in thrust due

to varying thrust, CTI is the change in thrust due to varying inter-

- j
ference effects and ACT is the change in thrust due to the inletIVi

vanes to the duct. J-1 for the port duct and J-2 for the starboard
duct.

CN + CN + C + CN N +CN + CN (4.92)C3 Fj Dj I Nj IVj TVj

CN is the total normal force coefficient. CN results from fan
5Fj
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effects, CN results from duct effects, CN coms from interference

effects, CN is the change in normal force due to vaying normal force,

0 N~j is the change in normal force due to the inlet vanes, and finally
CN V

N TV Jis the change in normal force due to the trim vanes.

C S SF + S ÷ D ÷ +s• C sIV (4.93)

0Sj is the side force coefficient,. C results from fan effects,

CS P results from duct effects, CSN is the change in side force due to

varying normal force and C. is the change in side force due to inlet

'Ij

C " + C M + + C + C + (4.94)

SC Iis the total pitching moment coefficient for the ducted fan.

C , C C , result respectively from fan, duct and interference

effects.

%M is the change in pitching moment due to varying normal force,

J
Ca i and CMTV are respectively the changes in pitching moment due

J a
to inlet and trim vanes.

--(1 ()(CT~ sin i~ 4+ CM NCos i D] -0i. sinB. )( CT sin i
Dj

x FxD TT
H- [.) C5  +({ + D -'-) Cs I sin iri K, sin ~d(4.95)

Fj D IV

C;- is the total rolling moment coefficient for the ducted fan.
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K1 is a function of axial advance ratio of the d&cted fan.

-(1jL) CCos i -C sin isin 8D )( Cos

NjD J D N i ~D (1 TD

XD -X IV
" CD F+ (2)CS + (])C ]S ic + K1 cos 1 (14.96)

FD IV

C1, is the total yawing moment coefficient for the ducted fan.

Before writing the force and moment equations these coeffi:.ients

are re-expressed an coefficients representing both dý.cted fans.

-2() * K2  (CT os CO D - CN sin iD) (4.97)
D Jul j

(CZ) a - K 2r (cT sin i D +C Cos iD) (4.98)
D j-i j

(Cy) -K 2  2 - 2 " T""S (h.99)
D CsJ

2 -

(CD K2 D/b 1 C (4.100)

(C) K2 D/c 2

Jul

2

(Cn) -K b C (4.102)D 2 -D/

The equations for duct forces and moments are then as follows:

(AX) "K(C ) (4.103)
a 3X

('AYa) K 3(4.104)-

D D7
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(Aa)D M K3 ( Cz) K3 3 (rn D2) S (4.105)

(AL) a K3b(CI) (4.106)
D D

(AM a) K3 C(Cm) (4.307)

D D

(AN - K3 b(c) (4.108)aD 3 tD

Equations (4,103) to (4.108) will be included in the total aerodynamic
force and moment expressions.

Vertical Stabilizer and Rudder. Forces and moments for the vertical
tail and rudder will be defined in the same manner as for the XC-142A and
Reference 8. The associated coefficients are as follows:

Cy .B + C . 6R (4.109)

Ct a CI ÷ C .+ 6R + L2 C + rb C (4.110)
L 6R 2 VB Lp 3V B L r (41

C -C 8 + C 6R + V0 C + 3B C (4.lll)

s n6R FB p -B r

The forces and moments for the vertical tail can then be expressed
in the following equations.

(•Y) _ C Sq (q-V--)(T12

VT Y

(ALa) a C bSq (-) (4.113)VT q

(AN) - C bSq (qV-)aVT n q(4.114)

This force and these moments will be included in the total aerodynamic
forces and moments.

Horizontal Stabilizer and Elevator. The aerodynamic forces and
moments for the horizontal stabilizer will be defined in a similar
manner as for the X-1h2A. Elevator movement is considered in the z-force,
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and the pitchinr moment. The anf-le of attack nf thp tail at will be a
function of interference dampinri terms, and consideratimns of downwash.
The lift and drag coefficients of the tail can he expressed in the
followinp relations.

a •c (4.115)
*.Lt Lt * t

CD 'L (4.116)

The horizontal stabilizer (HS) can contribute forces in the x and
z directions and a pitching moment. The equations are as follows:

a)S Cos (i - t sin (it-at)] Sq(-) (4.117)

(AZa) + [CD, sin (it-at) - CL cos (it-at)] Sq(-)HS t q

+ qScCNE• . 6E (4.118)

2
(AMa) " -(AXa) " hHS + (AZ HS + c S qV + C ]

HS HS HS q a

+ qScC . 6E (4.119)m8E

is the distance from the aircraft c.p. to the aerodynamic center
of the horizontal stabilizer and hHS is the height of the a.c. above

the c.g. i t is the incidence angle of the tail. Equations (4.117) to
(4.1l9) will be included in the total aerodynamic force and moment
expressions.

Fuselage. In a very direct way we can write the effects of the
fuselage (F) on the total aerocynamic forces and moments. They are as
follows:

(AXa) -q S Cn (4.120)

(AY) - * q S C (4.121)
aF YB

(AZ) q S C .a (4.122)

aF
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(AMa) q Sc(Cm + C .

S(A'a) = Sb C • (1h.l2t.(xa)F n

Equations (.1.20) to ()ý.lh) will he inciuded iy, t~he total aerodyramic
forces and moments.

Reaction Controls. The contrrl vanes (horizontal (VI) and vertical
(M)are located in the exhaust, flow of the jet enpine. The r(ac ,on
control (RC) vanes provide lonpitudinal and lateral control in the hover
mode. The following coefficients are defined as in Reference •.

K
11vH KVH

_ ~CL.v * V

C -K C2

DVH LVH

C KC

Tr m (VE - U) -- residual thrust (T r)

-C ZVH (4.125)

TTIIC *cv -V1 cv 0 DVH

C XVV VVV

XVH, XVV) and yVV7 are moment arms to control vanes.

Cx%) - - [%• + 3 (h.127)WVH •WV

(C ylRC " - C LvV (4.12P)

(cZ) =-C (4.129)
RC - LvH

The force and moment equations then follow from equations (h.125) to
(4.129) as:
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(AXa) q S\IE ÷ T - 1up'/f (E%- .130)

qC RL: i h12
P,(^ AN S( E ) * 3';,. qF S (h, .1 Wl

a R C V 'ý,

(A: ) VE
('',a) q,;, Sv(,"z = q *0t-- F' (h.l32)

(A~a) " qS Svbv(C) (h.3h)

Equations (14.130) to (L.13h) will be included in the total aerodynaridc
forces and moments.

EVUATIONS OF MOTION VZ-hDA. The aerodynamic force and moment terms
developed for the VZ-hIA for each of the major aircraft components
will be combined and set equai to their corresponding internal force
and moment expressions developed in axis system section for the VZ-L17A.

Total Aerodynamic Forces and Moments. These expressions are as
follows:

Xa = (W a) + (AX a) D + (AX) (AXa ) F + (AX a)

Ya Y) a (AY ) + (Y a) + (AY a) + (AY a)
w D VT F PC

z = (67 ) + (71 ) + (7a ) + (Wza) + (A•a a aa aF

La M(L) ÷ (A a+ (AT.
w P V

a aa HF F a

N a a W (VIa Aa V aF (ANa)a (AN ) + (A ) * (A ) * (" a) + ( )

w TF PC,

Fquations of Motion.- These equations are subject to simlification
in the interference rerion and in the rerresentation of du(-t fan forces
and moments when further flight test data is available for the determina.
tion of typical mapnitudes of terms.

0

S (l Immmlm .irn ll' ' i



-NAVTRArMCEN 1205-2

1. X Force Equation

cos (i - a -,in (i (i. a q(-•-]
p t t I qL t at)

+ (x ) S + K -qSC 0 +qE (C) + T- -X •w q D o R Cr

= (- ' + WqI - Vr) + mp sin 8

2. Y Force Fquation

( ) S + q~~) VT(,. 3(y ,s-)- + q s c .•+ Sv(Cy)-Y w qtw K Cy)D ý'y q (-jT) +qSCyA q E S'CyRC

_ m(V + Hr - Wp) - mg cos 9 sin P

3. Z Force Equation

[CD sin (i - a CLt cos (i- at)] Sq(-qjS)

Cz3) + )

+ q Sc C 8 E - qSC La * a + q E sv(C R)
a RC

= m(T * Vp - Uql) - Cgos 8 cos A

4. Roll Equation
q qVT

(C bSq% + K3 b(C ) + Ct b Sq(-)
w Dq

a il - 1 13 (r + pql) + (133 - 122) qlr

+ (IE cos (iw + 8 D) - ql (IEOE) sin (iw + 6D)

5. Pitch Equation

(CM) c Sqw * K3 c(Cm) + q Sc(Cm + Cm . a) + qE SV Cv(CM)v D o a RC

-(AX) hHs+ (AZa) L +2S p [C q V + C 4]
a HS HS ql 1

+ qSc CM6E * 8E

1 I 2 2 ; 1 - i 1 3 (r 2 + p 2 ) + (i1 . 133) pr
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+ p(IEQ) s + r(ITE) cos (iw + D))

6. Yaw Equation

((n) bSq + K3b(C ) , Cn bSq(-ji ) + q Sb r • Bw D

+ qF SV bh(rn)

1 3 3 -- 13 (• - qlr) + 122 - Ill) \q 1

s(in) sif (i w + ) - q, (1 E'%E) ccs (iw + 6 D)

No simplifications have been made on the right side of these six
equations.

TILT PROPELLER

The Curtiss-Wright X-19 V/STOL aircraft wil! be used as the example
in the development of tilt propeller (tilt prep) V/STOL simulation
equations of motio~n.-The development which follows is based upon the
type of arguments presented for the tilt-wing and information gleaned
from Reference 4.

In order to gain some idea of the X-19 let us consider Figure 3
and Table 6. In Figure 3, a three-view arrangement of the X-19 is
shown. Table 6 is a list of definition of symbols contained in the
X-19 equations.

With this general idea of the X-19, we may now develop the mathe-
matical model for the X-19. First we define, as necessary applicable
axis systems. Second, develor aerodynamic coefficients. Finally, write
the equations of motion for the X-19.

AXIS SYSTEMS M2BL-9.. It arpears that the forward and aft wing chord
arb parallel Fo~ the x-body axis of the aircraft. In this aircraft the
aft wing, functions as the horizontal stabilizer ith elevator. The
total velocity of the wing, Vw, can he expressed7easily in aircraft

body axes. In addition separate axis systems to describe propeller
velocities are not necessary since the propeller velocities can be
expressed in terms of aircraft body axis velocities (U, V9 W). Conse-
quently, no additional axis systems will be necessary other than the
conventional inertial, body, stability or wind axes.

In addition, there will be no gyroscopic effects from the rotating
masses of the propellers and their drive shafts. The four propellers
are .- char-ically •'•-ked to -r- 4ate at the same speed and the starboard
rrcT-'le: tur, .r ir~e or:,r.';. rection cf tlo.. rort ,ronpellers. If
"- e r - .r -*' ,.. - ' e .y ocr:.-. effects.

Reproduced From
Best Available Copy
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-"SYMhol Deft in t i riot

F Fuselape

w WingW

na:na propellersL n - I, 2, Frnnt. n * 3, 4 ,Jt.
Tcp view, left to right

vt Vertical Tail

iaF Anp]e of attack - fselge

cwf AnP'le of attack - wfi' forw-ard

"Cwa Ani'le of attack - winp aft

8F Sideslip angle - fuselage

8wf Sideslip angle - wing forward

8 wa Sideslip anple - wins aft

i Tncidence angle - propeller nacellep

VB Total velocity in aircraft body axes

V Total velocity in wind stability axes
w

C Mean aerodynamic chord

b Wing span

S Total area of wing

_IhDnamic pressure at forward wing due to power-on effects

qw Dtrnamic pressure at aft wing due to power-on effects

q Djrnamic pressure - free stream

qvrt Dynamic pressure at vertical tail

T Total thrust of main propellers

in Advance ratio main propeller

Jn' Advance ratio normal to propeller disk

Nn - N RPM - main propeller

Table 6. Definition of Symbols Used in X-19 Equations

611



NAVTRADEV(ThEN 1205-2

_.7Lr o 1 De finition

No Nominal RPM - niin propeller

Bn Blade pitch anjgle . main propeller

Tn Main propeller thrust

Nr Main propeller thrust component normal to Tn*

Mn Main propeller moment (initially pitching)

Cn Main propeller torque coefficient

IDn Diameter main propeller

Table 6. Definition of Symbols Used in X-19 Equations (Cont'd.)
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AERoYNmic FORCES AND MCME.''S - X-.19. In order to develop expressions
for Xav Ya, 7 a, La, Ma, and Na, contributions from the major airframe

components of the X-19 will 1v considered separately as was done for
the tilt-wing aircraft. The major components to be considered are
the propellers, the forward wing and aft wines, the vertical tail and
rudder, and the fuselage.

Propeller. The inclination of the propeller nacelles from the
x-body axis is defined by propeller shafts, angle of tilt, i . In
Figure 3 we see the angle i and the geometry defining the total pro-

peller velocity, V~. n For the velocity, VnP n denotes the particular

propeller (n a 1, 2, 3, 4). The front left propeller is number 1, the
front right propeller is number 2, the rear left propeller is number 3
and the rear right propeller is number 4. Each propeller nacelle is
located by Xn, Yn and Zn body axis components. Due to the symetric

placement of the propellers; xI a x2,-x3 " -x4,-YI " Y2,-Y3 " Y4,-Zl

0-s 2 and "z3 ' "z4" These body axes moment arms (sn9 Yn and Zn ) are

mIltiplied by the appropriate body axis angular velocity (p, qc and r)

in order to give tangential velocity components of the propeller
velocity components.

un - U -Yn(p sin ip + r cos ip) - q1(xn sin ip-zn cos i p) (.4135)

vn w V + xnr (4.136)

Wn - W + yn(p cos iP - r sin ip) - q 1 (xn cos ip+zn sin i ) (4.137)

We will now define the propeller aerodynamic coeffients CT ,
n

C , CN and CM . These coefficients are the same as those for the
n n n

main propellers of the XC-142A, however there is no C y for the X-19,
n

since the port proriellers turn in an opposite direction to the star-
board propellers. First let us define the advance ratio (Jn) for

each propeller and the advance ratio normal to the propeller disk

60V
nJn" Nnw.

J' =JN-cs# 418
n

J1 Co coB (4-138)

66



AVTPRAMVCE: 120L,-2

The symbol Nn (the particular propeller RPM and finee a:l propellers ar,.
mochanically linked to turn at. the sare rate) " =. The number A•

n
chani-es RT¶ to RPS, D is the diameter of the propeller disk rind .n -in
defined as the blade Pitch angle of the particular propeller. The aero-
dy-namic coefficients can then be developed in terms of advarce ratio
and blade nitch. 'he angle * n is the angle between the propeller thrust

vector ani v a:, ,hown in Figure 7. n is defined the same a, for the

tilt wing as is 63 -- equations (4.1) and (4.2).n

aCT aaCT
T CT +aI JI + P- + P J- (h.139)T 0 n a R n a aJ' n n

n n

-- -n a ai sn] (4.l) -

n n n
and (4.11). Since blade pitch is the prime control parameter in the
X-19, the second partial derivative a2 is retained in equations

a 2  '
(h.139) and (b.lhO) whereas - is neglected. T is the coefficient

of thrust (Tn ).9 is the coefficient of power used to express torque
n

ro ), (Tpis the coefficient of normal thrust (N ) and C is the
n M

n n
longitudinal propeller hub moment coefficient, (Mn).

Before expressing the force and moment contributions in bocdy axes
due to the propellers, we will define Tn, Nn, Mn and % (Reference 6).

Tn aD ( No) (o__) T (4-13)
0  o n

N . D4 () NC (41 4014)
0 Oo n
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DI N (_L C',(4. 114i 5)
o O0 n

D5 N -()(• Cp (4.146)
o n

N0 is the maximum RPM of the propellers and o° is the air density at

sea level on a standard day.

From equations (4.l31) through (4.2h6) we can then write the pro-
peller force and moment expressions in a manner similar to equations
(4.17) through (4.22) of the XC-I42A.

'4
(AXa)p W 4 (Tn cos i - Nn cos 8 sin ip (4.1147)

nal pnn n

4
(Aya)p - E (-Nn sin an) (4.148 )

(AZa) - £ (-Tn sin i -N cos Bn cos ip) 64149)
ap n-i

(Ana)p -. (AZa)Pi- (1Za) P2]I - [(Aza)p3 (AZa) P4]3

[+ (AYa)pl + (AY) P2]Zl + ((AYa)P3 + (AYa) P4z3

-4
- £ Mn sin an sin i (4.150)

(AMa)p - xl(TI + T2 ) sin ip - x 3 (T 3 + T 4) sin ip

- 21(T1 + T2 ) cos i, - z3 (T 3 + T4 ) cos ip

+ Zl(N1 cos Bi + N2 cos 02) sin ip

+ z3 (N3 cos B3 + N4 cos 84) sin ip (4.151)

+ x 1 (N1 cos 91 + N2 cos B2 ) cos 'p

68



NAVTRAIEVCEN 1205-2

-x 3 (N3 cos 83 + N4 cos 84 cos ip

+ 4 M cos On

nol

(Na)p [ (xa)P -(X)P2 + Y (xa (X"ap ap P2 Y" a)P3  a ph Y3

+ [Ya) PI (Y a )P2 Il x1 [(Ya)p3 + (Ya)Ph I x 3 (4.152)

S Mn sin 8 cos i

Note that x 1 , x3 , Y1, Y3 ' z2 and z3 are positive values. Th propeller

force and moment equations (b.3147) through (4.152) will be included in
the total aerodynamic forces and moments.

Forward Wing. The forward wing forces and moments are developed
as for the XC-142A in Section IV. It is assumed that the wing
incidence angle, iw, is zero and that the induced velocity, AVP is

defined as equation (4.34) when i is zero. AV will change as aP

function cos i and flap position when the aircraft is in hover andp
transition regions. Consequently, as a preliminary estimate, the wing
velocity uwf is as follows:

Uwf Up +(V)TP (4.153)

where (AV) - K AV cos ip

For forward flight where ip equals zero then up equals VB and K - 1.

K is a function of flaps and interference effects as the propeller
wash hits the wing at high i angles. K and cos i. will tend toP p
decrease AV as iP increases. As in equation (4.36) qwf is defined

similarly as:

2 (T 1 + T2 ) -%,f ( q÷ 4.154)

The forward wing aerotmamic coefficients are CD, CL, (C)wf,

(Cm)wf and (Cn)wf CD and CL define (Cx)wf and (C)%-f respectively.
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Since the development of these coefficients is in winw axes, rollinp
and turninp rates necessary to define these coefficients are transformed
from bncV axes. The only difference is in the angle of attack of the
winp, awf, which is from equation (h.32) as follow.:

awf " tan- 1 r V

where wwf - wp; W "u sin iuf pp p

and uwf a uP + ()TP; 11 -p cos p

In a similar manner 0wf is defined as:

*wf - tan"1  V (4.156)
Vwf

where vp vwf " V

and Vwf (W2 + (U + AV)TP) 2 + V2 ] 1/2

We write for the wing rolling rate (pwf) and the wing turning rate

(rwf) the following equations:

Pwf - p cos awf + r sin awf (4.157)

r - -; sin qwf + r cos a (4.158)

These are just equations (4.37) and (4.38) where C - -a since

i -0in - (iw - awf)

Following the t Ut wing the aerodynamic coefficients for the
wing are as follows:

CD a CD 0+ .D6F (4.159)

CL - CLo + CL8F * 6F + CL a F wf (4.160)
o 8F

CD and CL do not reflect as strong a flap dependence as in the XC-142A.
This is a preliminary estimate of C. and Ci which may be modified by
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rurther manufacturer data. (C )wf (CM)wf and (C n)wf will he defined

as fnr the XC-1L2A.

atwf + C 6 &A + - C . P + C rwf (L4.161)£8 £A 2V wf £ wf 2wf ir

~'m~wf~rn 4- %6M)wf t + . 6F + 2 mq ql (4.162)

elb + . b.
(Cn\~.wfý -6Cn .A.fC÷ t .A C.rbb (4.163)

BF n8A 'n rw

Fquations (4.159) through (4.163) will now be written in hodry axes
by rotating through an angle (-a W).

(2)w - C cos a + C sinegwf (4.164)
x)Wf D Co wf L wL

(CZ)wf a - CD sin awf - CL cos awl (4.165)

(C I)wf M (C I)Wf cos awf -(Cn)wf sin a wf (4.166) I

(Cmywf (C)w -_(Cx)wf ). Lc (Cz)w (4.167)

(C)w (C ).f sin ew + (Cn)wf cos awf (4.168)

XSc and Zac are the respective distance from the c.g. of the aircraft

in body axes to the aerodynamic center (a.c.) of the forward wing in
the x-z plane. c is the mean aerodynamic chord of the forward wing.

The wing force and moment contributions can then be written from
the coefficients expressed in equations (4.164) through (4.168). S is
the forward wing area and qwf the dynamic pressure at the wing.

(AXa)wf a (cX)wf S qwf (4.169)

(ItZa)wf - (C )wf S qwf (4.170)i

(ULa )wf a (C dwf bS qwf (4.171)

(AMa)wf = (Cm)wf cS qwf (4.172)

(6Na)wf - (Cn)wf bS qw (4.173)
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Vertical Stabilizer and Rudder. The discussion is the same as for

the XC-142A since there is obvious similarity in configuration of the
vertical stabilizer for the propeller wash effects on the vertical
stabilizer for the XC-1h2A and the X-19. Forces and moments for verti-
cal tail (vt) and rudder arise from the relative wind pushing against
the vertical tail surfaces thereby causing a turning moment due to
control input to the rudder. This gives side force, as well as rolling
and turning moments.

Wind pushing against the vertical stabilizer and rudder yields a
side force (AYa)vt and rolling moment (ALa)vt respectively which are

non-dimensionalized in terms of aerodynamic coefficients as Cy and Cj.

The rolling moment is coupled in rolling velocity p and turning velocity
r. We can then write for Cy and 7, the following expressions.

C - C .;+ C . 6R (4.174)

C y is the change in side force coefficient with changing sideslip

angle. It acts as a damping term. C is the change in side force

coefficient with rudder deflection and represents the controllable term
in the expression. This is important in the use of Automatic Stabiliza-
tion Equipment (ASE).

C• Cl; 8 + c&R -6R + Jpb2 Cp + v••rb Cr (4.175)
L6R Bt '1 rb

C1 is the change in rolling moment with variation in sideslip angle.

The vertical tail is normally above the X axis, hcnce a side force
on the tail gives a rolling moment. C is the change in rollingt8R

moment coefficient due to rudder deflection. C I is the roll damping

derivative. C r is the change in rolling moment coefficient with

change in yawing velocity.

Rudder deflection will give a turning moment (ANa)vt which can be

expressed by the aerodynamic coefficient Cn.

CRn . n. "R + + P 2Vb C (4.176)S% ~ i 2B c vB n

Cn is the weathercock or static directional derivative. C is

rudder effectiveness, the change in yawing moment coefficient with

p
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with varying rolling velocity. Cn is the yaw damping derivative.
r

The tail is the main contribution to Cn
r

The forces and moments for the vertical tail can then be ex-
pressed in the following equations:

(Aya)vt -Cy Sq(Tc)(47)

(AL )vt - j bSq(2-) (4.178)

(ANa)yt - Cn bSq(%.') (4.179)

Here q is the free stream dynamic pressure and qvt is the vertical
tail dynamic pressure. These force and moments will be included in
the total aerodynamic forces and moments.

Aft Wing. The aft wing (wa) has two propellers placed in a
similar configuration as the forward wing and acts as a combination
wing and horizontal stabilizer. When the four propellers are
simultaneously rotated by the angle, i,, the aft wing is either in
or out of the front propeller wash. If the aft wing is out of the
front propeller wash, the aft wing will be practically a duplicate
of the forward wing in aerodynamics. If the aft wing is in the
front propeller wash, the aft wing has induced velocity effects from
its own and the front propellers. The description of downwash, as
for the XC-Ih2A Horizontal Stabilizer is not applicable to the X-19.
However, since the aft wing has elevator control and no aileron
control, the forces and moments developed will lie in the x-z body
axes plane as for a horizontal stabilizer.

As for the forward wing, the aft wing incidence angle is
assumed to be zero. Induced velocity effects for the aft wing are
as follows:

Uwa " up + (AV)TP (4.180)

( T + T2 + T3 + T4) (4.181)

Equation (4.180) is the same as (4.153), but is for the aft wing out
of front propeller wash. Vwa is the same as Vwf out of wash, and
Vwa differs from Vwf by the effect of induced velocity in wash effects.

For the aft wing in front propeller wash, equation (4.180) becomes:

p
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Uwa a Up + 3/2(AV)TP (4.182)

where (V)TP -K2 AV cos ip
Notice thaL if ip - oi (AV) 3K2 - AV - (K2( 1 at - 0)

p ' TP 2 _Vr~ ( 2  p

K2 accounts for interference effects. From momentum theory the induced

velocity, AV, does not double on the aft wing from the effect of two
propellers blowing on the wing in parallel but AV increases by one-half.
The coefficients (CD)wa, (CL)wa and (C m)wa are defined similar to

equations (b.159), (4.160) and (4.162), but using elevator controls
instead of flap controls.

(CD)wa '% ÷ CD -6E (4.183)

(CL)wa a CL + CL .*E + CL . awa (4.184)

+ x7

(Cmwa -C +c% c . q c +c .w (4.185)
m a m 7 wa qa

The coefficients (CD)wa, (CL)wa and (Cm)wa are rotated to body

axes by the aft wing angle of attack (awa). The coefficients in body

axes are similar to equations (4.164), (4.165) and (4.167).
()(CL'asn 416

(Cx)wa a - (CD)wa cos awa + ' da sin a (4.186)

(Cz)wa a - (CD)wa sin wa - (CLdwa cos awa (4.187)

From the coefficients defined in equations (4.185), (4.186) and
(4.187) the force and moment contributions of the aft wing are as
follows:

(Axa)wa - (Cx)wa s qwa (4.188)

(AZa)wa W (C )wa S qwa (4.189)
z Xa

(-Mha)wa (C)w a -c (Xa)wa + -(AZa)wa (4.190)

In equation (4.190), 1ac and Zac are the respective distances from the

aircraft c.g. to the aerodynamic center (ac) of the aft wing in the
x-z plane. c is the mean aerodynamic chord of the aft wing.
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Fuselage. In a very direct manner we can write the effects of the
fuselage (F) on the total aerodynamic forces and moments as for the
XC-lh2A.

We have for the forces

(AXa) 1 2 V2 S C (b.191)a F 2 B D 0

CD 0s the equilibrium drag coefficient.

(AYa) + FV2 S Cy* 8F (4.192)

C y is the change in side force with respect to a changing sideslip

angle.
(AZaF . I V2 S CcF aF (4.193)

CL is the change in lift coefficient with varying angle of attack.
cF

This is also known as the lift curve slope.

We have for the moments:

(ALa) - 0aF

F" I 2VSc + oVB S cCmF . (14.1914)
(AMa) F - o B S c Coa

Cm is the aerodynamic pitching moment coefficient in equilibrium
0

flight and Cm is the longitudinal static stability derivative.
aF

(ANa)F 1 o V2 S b CnFF (4-195)

Cn ' is the static directional or "weathercock" derivative.

In the above expressions q - 0 V2 which is the dynamic pressure,

b is the forward wing span, c is the mean aerodynamic chord and S is
the forward wing area.
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For hovering and in transition regions OF is assumed small so that

COS 8F - "

EQUATIONS OF MOTION - X-19. The aerodynamic force and moment terms
developed in this section for each of the major aircraft comporints of
the X-19 will be combined and finally expressed in the equations of
motion.

Total Aerocynamic Forces and Moments. The total forces and moments
are as follows:

Xa W (AXa)p + (AXa)wf + ('Xa)wa + (AXa)F

ya -&a~p +Aa~vt +Aa)F

Za - (Aza)p + (AZa)wf + (AZa)wa + (AZa)F

La a ('La)p + (ALa)wf + ("La)vt

Ma a (&Ma)p + (a•)wf + (sma)wa + (&Ma)F

Na - (ANa)p + (ANa)Wf + ('Na)vt + (Aa)F

Equations of Motion Expanded. The forces and moments are expressed
in body axes. These equations are subject to revision when further data
are available concerning the X-19.

1. X Force Equation.
4
£ (Tn cos ip-Nn cos on sin ip) + (Cx)wf Sqwf
n-l Iyq

+ (Cx)wa Sca - CDo Sq

W M 6• + wq, - vr) + mg sin 0

2. Y Force Equation.
4

Z (u-N sin Sn) + C Svt + Sq Cy F OF

M m(V + Ur - Wp) - mg cos 0 sin f

76



NAVTRAIEVCEN 1205-2

3. Z Force Equation.

E (-T n sin i p-N ncos Bn Cos i) * (;!)wfSqwf

+ (Cz)wa Sqwf - Sq CL .aF
aF

- + Vp - Uql) - mg cos G cos 4)

4. Roll Equation.

-[(Tl - T2) sin ÷p + (N1 cos i- N2 cos B2) cos p Yl

÷[(T 3 - T4) sin ip + (N3 cos 3 - N4 cos 4) cos ip] Y3

-[N, sin BI + N2 sin B2] s. - N3 • 3 ÷ N4 sin04] BJ3

- - M sin B sini + (C) bS, + C bSqt-
n-1in n p W

+ 113 (; + pql) - (133 - 122) qlr

- 1lll

5. Pitch Equation.

[x,(TI + T2 ) - x3 (T 3 + T4)] sin ip- ([i(T 1 ÷T2 )÷ z3 (T 3 +T4(/ cos 'p

÷[,1(N. co s 01 N2  cog 82) + ,3(N3 Cos B3  + N4 cos SO)] sin p

÷1( 0 0o + N2 cos 82) - X3( 3  0 + NL Cos 04)] coB 'p

+ 4 M Cos 0 + (C ,• cSq + (c,)mf cSc,,+qcS(C. +n.• 0 aF

+ 113 (r2 - p2) 1 ( 3 3 ) pr

- 12 2 q1
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C. Y~nw Equation.

f[(T1 - T2) cos ip + (N2 Cos P2 - N1 cos PI) sin i]l

[ ('T3 - TQ) cos ip + (Nh cos 014 - N3 Cos P3) sin P)Y3

+ (N3 sin p3 + N4 sin P4) x3 - (N1 sin P + N2 sin 02) x1

1 Mn sin P cos i + (C)w bSqwf + CG bnqv + qBC

+ T13( - qIr) - (122 - Ill) pqil

1 33

EExternal stores, rough air or landing gear conditions are not included
in these equatiors.
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FAN-IN-WTNG

The leneral Electric/bran Aeronautical XV-SA V/SrOL airplane will
be used as the example in the development of fan-in-wirn V/STOL simula-
tion equations of motion. The equations of Section III will be directly
applicable to the sirmilation equations for this aircraft.

In order to obtain some idea of the XV-SA consider Figure h and
Table 7. in Firure h, a three-view arrangement of the XV-hA is shown.
Table 7 oontains some of the physical characteristics of the aircraft.

With this general idea of the XV-SA, we may now develop the mathe-
natical model for the XV-'A. First, we will define, if necessary,
applicable axis systems. Second, we develop additional aerodynamic
coefficients. Finally, we write the equations of motion for XV-5A.

AXIS SYSTEMS FrR nhE XV-SA. The XV-5A has no change in its physical
corfiguration during the hover, transition and normal flight. The
only gross change from hover to normal flight is from thrust gener-
ated from the nose and wing fans to thrust from the tail pipes. The
thrust developed by the fans during hover and transition should be
available as a function of fan revolutions per second (rps) and fan
louver position which directs the thrust of the fans. The tirust of
the aircraft is described sufficiently in the axis systems used for
ordinary jet aircraft simulation (Reference 2). Consequently, no axis
systems in addition to the inertial, body, stability or wind axes will
be necessary, to develop equations of motion for the XV-SA.

In addition, there will be no gyroscopic effects from the wing fans
rince they remain in the same geometric plane, are free wheeling in
opposite directions and are driven from a common gas source at approxi-
mately the same rps. The fan in the nose, also free wheeling, does not
rive any appreciable lift, but is used as a pitch control. The doors
in the fuselage ventral to the nose fan are linked to the control
stick in order to control the flow of air thrcugh the nose fan thus
giving pitch control.

INF 'ýF q1 , La term.

I NF" NF p , Ma term.

I NF NF V N a term.

It may be determined after consideration of data from the manufacturer
that these terms will be negligible, but for the present they will be
included ir the equations of motion.
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Weight

Empty 9,200 lbs.
Design Gross 12,000 lbs.
Overload Ferry (Conventional Take off) 13,600 lbs.

Dimensions

Wing Span 29.8 ft.
Fuselage Length (over-all) 44.5 ft.
Height 24..7 ft.

PoWerplant

Lift Fan System - G.E. X353-5B

Fan Diameter, Installed 76 inches
Fan Thickness 14.5 inches

Turbojet - G.E. J85-5

Over-all Length with Diverter Valve 67.2 inches
Maximum Diameter 17.7 inches

Table 7. Selected Physical Characteristics - XV-5A

AERODYNAMIC FORCES AND MOMENTS XV-5A. It is proposed that since the XV-9A
has no special problems in development of the equations of motions that
equations such as (3.7) through (3.12) or those by Connelly, in Reference 2,
be used for simulation purposes. In equations 3.7 and 3.9 the engine
thrust will be defined to conform with the fan-in-wing.

The total engine thrust, T, is composed of either fan thrust, TF,
or jet thrust T .

TF = TFI + TF 1 is port fan (4-196)
1 2 2 is starboard fan

Due to cockpit control of the diverter valve, T is equal to TF or Tj.
For example, when the aircraft has enough forward speed to be supported
on wing lift the diverter valve is moved so that all the incoming air
passes through the jet engine for forward thrust (i.e. Tj) and the *an

inlet and exits are closed. There is a three to four second dela'
before the fan develops 100% lift when the diverter valve is switched
from Tj to TF. This delV• is easily simulated and ride the thrust of a
discontinuity between T and T.
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Hover Flight XV-5A, The equations for hover flirht are equatin. .

(3.7) through (3.12) with the aerocdynamic coefficients considered
nfqplicible. We can then write the following expressions:

mj + Wq - Vr) -TS cos ciT + TF sin eL

n (V + 'Tr . Wr) * g cos 8 sin T (!*.j, )

n (, + Vp - ql) =-T sin aT - TF cos 0L + f(TNF)

3r IIql + f7 (TF1 cos 0 T F cos ,) I,
11 111, 2 2

TI 6A

I N F +NF TNF cos 6NL
'NF"NFF PF+ ÷ gSc C . 6E (L.200)

122 122 122 N'E

13. + + (T sin _ T sin_
'33 133 133 F sine TLF2 L2

+ q2a C 2 6R (.201)

133 n.R

In these equations OL is the angle the fan thrust is rotated (0 is

a function of louver angle) and 5; is the moment arm from the x-axis

(rarallel to the y-axis) to the center of either wing fan. 0 and

Pe refer to louver angles at the port and starboard fans. Cross-

counling of angular rates is assumed negligible for the hover condition.
The gyroscopic effects of the nose fan (NF) are included in equations
(L.199), (4.200) and (4.201). These gyroscopic terms will be zero in
conventional flight. Reaction moments are included in equations (4.190),
(4.200) and (4.201) to account for aileron (6A), elevator (6E) and
rAdder (6R) control mction during hover. The reaction moments are con-
taIned in C , C and Cn so that they phase naturally into the

transition and conventional flight equations of motion. Pitch control
is represented by nose fan thrust (TNF). The pitching moment created
bv the nose fan is f(TNF). LT where LT is the moment arm from the

center of the nose fan to the c.g. of the aircraft.
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Transitional Flijht. As in thp, Aquations for transitional flirht
":or thf- P.1127 (Section III , the transitional equations for the XV-'A
are e'nmrrosrd of the equations (3.7) through (3.12). Consequently, wo
r-in w.iue the equations of motion for the fan-in-winp directly.

1 "7ATI)NS OF' MOTION XV-5A. The equations of motion are expressed in
ýi, rcrrft bcd(W mes.

X Yorce Equat ion

2
Vs

(I; T +w - Vr) - --- (a, Ma) + Cx (6) x + F

+ S '1 + T• sin L - s in 8E

"Y orce Eqvation

V2

(V+ + Ur -Wp.) - [C • C . 6R] + m cos 9 sin t
4 y b

SForce Equation

m(W+Vp-Uqj) 2 [C (a, Ma) +C . 6F + C' . E]

-Tj sin aR - TF Cos eL + f(TNF)+ mg cos coM @

Roll Equation

113 (ý + pql) ('3311122) q r + qNFIIF

V2 ÷•Bsb

1 2
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Pitch Equation

. 113 (,2 _2 33ii. 13 XNF %q1 "2--(- -p)• -3, ) pr - p
122 122 122

V
2

(c M , Ma) + C 6F + C 6E + vC-- (C q .q .+ r. ]
21M22 m 8F NE2B ml a

f(TNF) tr
+- 2

122

Yaw Equation

S122 1 INF Q
r 33 y . r) I-" pql +

133 1133 33

V2Sb
+ [Cn* 8 + C n 6A + Cn 6R + b (Cn .p + Cn .r)]B 6A 6RfB p r

+ TFI sin e TF sin )
'33 1 Ll 2 L2

External stores, rough air or landing gear conditions are not expressed
in the above equations.
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ROTATTNG THRUST

The Hawker P.1127 will be used as an example in the development
of rotating thrust V/STOL simulation equations of motion. The equations
of Section III as well as information from Hawker Aircraft Ltd. (Refer-
ence 9) will be directly applicable to the development of the simulation
equations.

In order to obtain some idea of the P.i127 let us again consider
Figure 5 and Table 8. In Figure 5, a three-view arrangement of the P.1127
is shown, whereas Table 8 contains some of the physical characteristics
of the aircraft.

With this general idea of the P.1127, we may now develop the mathe-
matical model for the P.1127. First, we define, if necessary, applicable
axis systems. Second, we develop any additional aerodynamic coefficients.
Finally, we write the equations of motion for the P.1127.

AXIS SYSTEMS FOR THE P.1127. The argument presented here is similar to
that of the fan-in-wing. The only physical change in the configuration
of the P.1127 from hover, through transition to normal flight is the
rotation of the thrust nozzles. This rotation can be adequately describ-
ed in the aircraft body axis system. In accord with Reference 9, body
axes can be used during hover flight and stability axes can be used
during transition and conventional flight in order to specify stability
and control derivatives. Consequently, no axis systems in addition to
the inertial, body, stability or wind axes will be necessary to develop
equations of motion for the P.1127.

AERODYNAMIC FORCES AND MOMENTS - P.1127. In Reference 9, Hawker Aircraft
lists equations of motion for hover and transitional flight. During
hover, control is maintained by the reaction controls which obtain con-
trol power from the cockpit stick and rudder pedals. There are two roll
reaction controls (one near each wing tip) which operate in conjunction
with the ailerons from command signals generated by the cockpit stick.
Next, there are two pitch reaction controls (one under the nose and one
under the tail of the aircraft) which operate in conjunction with the
all movable tail plane from comnand signals generated by the cockpit
stick. Finally, there are two yaw reaction controls (one on each side
of the tail of the aircraft) which operate in conjunction with the rudder
from comwmnd signals generated by the rudder pedals.
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Tasi c 10,280 lbs.
Design fross Iq,7L9 lbs.

,rea 186.ho ft.2

SPan 22,82 ft.
incidence to fuselage datum 1.750
Dihedral Angle .120
Aerodynamic Mean Chord 8.667 ft.

Horizontal Tail (all movable)

Area 4.20 ft., 2

Span 12 00 ft.
Dfihedral Angle .1 O',50'

Fuselage

Overall Length 42.00 ft.
Overall Height 10.75 ft.

Vertical Tail

Area 26.10 ft.2

Span 5.625
Height from fuselage datum 8.167 ft.

Underfin

Area 6.0 ft. 2

Distance of tip from fuselage datum 1.67 ft.

Flaps

2
Area 13.25 ft.
Movement 0 to 500

Reaction Controls

Distance of roll reaction nozzles from 11.20 ft.
fuselage CL centerline

Distance of forward pitch reaction nozzle 17.55
from moment reference center
Distance of rear pitch reaction nozzle 20.55 ft.
from moment reference center

Table 8. Selected Physical Characteristics P.1127
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Poactlon Controls (Cont'd.)

Distance of yaw reaction nozzles from 20.15 ft.
moment reference center,

Aerodynamic Controls

Aileron Area (Port and Starboard) 8 7g ft. 2

Movement ± 12
Rudder Area 5.25 ft. 2

Movement + 150
Tailplane Net Area 38.08 ft 2

Movement + 120, - 100
Trim Range + 5 1/20, - 2 1/20

Intake

Area 9.3 ft. 2

Powerplant

No. and Model (1) Pegasus B.S. Pg. 5
Type Ducted fan lift/thrust

engine
Manufacturer Bristol Siddeley
W-Pass Ratio 1.4
Length 8.25 ft.
Diameter 4.o0 ft.
Maximum Engine Rating 18,000 lb.
Maximum Fan RPM (% design) 101.0

Table 8. Selected Physical Characteristics P.1127 (Contld.)
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From Reference 9 further information concerning thrust is obtained.
There are four:et nozzles operating from the engine. These nozzles are
r-tated similtaneously. The front port and starboard nozzles are cold
jets. while the aft port and starboard nozzles are hot jets.

The cold jets are oriented 50 out from the x-z body axis plane.
Tho, hot jets are a function of e And are given by the following
ox'resginf:

- 7.5' + O.O j (14.202)

The total thrust vector (four nozzles) is:

T -TGC cos 50 + TGH cos 4H

T - 0.9 9 6 TGC + TGH Cos H (4.203)

where TGC is the gross thrust from t'e two cold jet nozzles and TGH is

the gross thrust from the two hot jet nozzles. We will turn to aero-
dynamic forces and moments duri-g hover anid transitional flight.

Hover Flight. The equations used by Hawker in Reference 9 for
hover are next stated. Nomenclature has been changed in these equations
to agree with usage in this report.

. .A (4.20o4)111

ME E (4.205)...
122(h2)

N R
r R-. R (4.2o6)

133

J =w g T cos (9 + aT) - g sin 9 (4.207)

V - g cos 0 sin 4 (4.208)

FL T sin (e + aT g cos e sin 4 (4.209)

d2 @ d2 2 d2
In the above equations pm. = v.q, =- and r-2. LLA,MEP

dt dt dt
and NR Ire aerodynamic moments due to reaction controls where A is the
alleron, E is the tailplane and R the rudder. ej is the angle of
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deflection of the engines nozzles from the centerline (Y of the engine,

aT is the angle between ýL and the x body axis and T is engine thrust.

Equations (4.204) through (4.209) will be accepted as hover equations
and incorporated in the final equations of motion.

Transitional Flight. Again we turn to Reference 9 and quote here
the transitional flight equations. These equations will be stated in
the nomenclature used in this report. Appropriate comments will be made
for each equation so as to compare it with the math model of Section III.
There are no explicit thrust terms in the X and Z forces. The thrust
terms will be in the final equations -- (4.216) through (4.921).

X - Force.

AU -qS [C xu + C Xa + C x6F * 6F] - mg (9) (4.210)

Comparing equation (4.210) to (3.7), there is no Cx(p) coefficient

in (4.210). In (4.210), CXu + C corresponds to Cx(a, Ma) of (3.7)

and mg sin e mg (e) where e is a small angle.

Y - Force.

mV -qS[C 8+C . 8A + C .6R + mg (,) (4.211)
YB a 8A Y8R

Comparing equation (4.211) to (3.8), there is no CySA of C

in (3.8). In jet aircraft CySR and Cy6A are usually small. They are

included in (4.211) because of their importance in the transition
region. The term mg cos e sin 4* mg (1) where e and t are considered
small angles.

Z - Force.

mW-qS (C + C .8 F] + mUq 1  (4.212)

Comparing (4.212) to (3.9), there is no CzE a 6E term in

(4.218). This term should be in the final equations since 6E does
affect the Z - Force. The term, Czu + CZa corresponds to C z(a, Ma).

In the moment expressions Hawker has assumed that cross-coupling of
angular rates is negligible so the terms like pqlZ 0 and r i 0.
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Roll.

V 2Sb-13 B (C . + C 6A + C . 6R
2111 t tA L8R

+bc p + bC r] (4.213)
B p B r

Equation (4.213) is the same as equation (3.10) if cross-coupling of
angular rates is neglected.

-Pitch.

V2
q" - 21Sc m . m 1 C

2122 Ca mE 2 VB ql

+ C C . (4.214)

Yaw,

T113 0 + 0 C 68A+C .8R
P 133 2133 n • n6l n6R

b b+ p. p + n- Cn. r) (4.215)
+2VB np + C Br 1&2~

Equation (4.215) is the same as equation (3.12) iX cross-coupling
of angular rates is neglected.

From the hover equations and transitional equations final force and
moment expressions will be written.

EýUATIONS OF MOTION - P.1127. The equations of motion
herein presented are written by considering the equations (J.7) through
(3.12) and the Hawker hovering and translational equations. In equations
(3.7), (3.8) and (3.9), the velocity, U, is predominant. The equations
are written in body axes.

X Force Equation.
2

m (U + Wq, - Vr) a o B5 [CX + C C 8.F + CX (8)]
i a X8

+ T cos (ej + T) - mg sin 0 (4.216)
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Y Force Equation

V2

m (V + Ur - Wp) - [ (Cy . B + Cy6A " CA + CyR . 6R]

+ mg cos 8 sin t (h.217)

Z Force Equation.

V2
m(W4Vp "~ 1q - -VS2 z + 2ZF.6 + CZE . 5E]_ (W ++ [ z + Cz6F

Tq1) 2 Z FZ6 E

- T sin (6 + aT) + mg cos 8 cos $ (4.218)

Roll Equation,

~ -~ 2
.13 (; pql) 22 LA+ VjSb * B + C

16A

6R + b C.. p + b- C . r] (4.219)
L6R VB p B Lr

Pitch Equation.
113 2 ____ MEV 2_S

221

+ . 6F + J-vCl ql + CC .c ] (4.220)
'8F 2VB Mql V NB a

Yaw Equation.

11 1 22-1 11 NL 2 ~ * .S"I1 ( "qrl)" (2" l)p ql + - R + 23 (C ns 0

133 133 2133

+ 6A +C .8R + -__ C p . .b . r] (4.221)
nA Un8R 2VB np VB nr

For W- O, V Z 0 and a small value of U, equations (4.216) through

(4.221) are equivalent to the hover equations (4.204) through (4.20O9)
since all the aerodynamic coefficients in brackets are practically zero.
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As IT becomes greater (8j approaches zero) LA, ME, and NR phase out and

the aerodynamic terms are predominant as in-equations (4.210) through
(4.215). The transitional equations then carry directly into conventional
flight. External stores, rough air, or landing gear conditions are not
developed in equations (4.216) through (4.221).
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APP'Nl X A

D ER IVATI.)l uF BASIC E'41ATIONS OF MOYTION

The derivation of the equations of motion for dn aircraft flying in
a er7.rventional manner has been done by means of a notation that is
economical of sT.ace. Naturally, there is a sorhisticated degree of ab-
str.lrtness in maripulating equntions developed in this notation; however,
no more than the sinplest best known expressions in mechanics and the
representation of direction cosines arm actually being used. The idea
being developed in an equation can be rerceived as a whole using this
notation instead of seeing bits and pieces of derivation, The main terms
of an equation are immediately apparent, and initial assumptions as to
importance of various terms in the equation can be applied in order to
give an orderly routine of simrlification of the reneral equation for a
particular-set-ef-assumpt ions.

NOTATION

The notation employed uses the device of subscripting and super-
scripting a particular symbol with an algebraic variable which will vary
over a r rescribed range. It is actually the range and summation tech-
niques developed in Tensor Analysis. More precisely, what is used and
manipulated are Cartesian Tensirs. These are particularly simrle tensors
in three dimensions using Cartesian coordinates. In fact, for the purposes
of these derivations the only tensor quality is the adaption of the range
and summation conventions plus a few manipulative methods, and the advan-1;
tage gained from Tensor Analysis is a concise notation.

e - SYMBOL

e or e is defined in the f ollawing mAnnersijk abc

e jk a +1 if ijk is an even permutation of 123

e lk - -1 if ijk is an odd rermutation of 123

e ijk a O if i - j or j k or i -k o" i j k

For example:

1 e e123 e 231 e 312

- e e132 e 321 e 213

0 el12 -el22 e 121 -eill

Reproduced From
93 Best Available Copy
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KR. NECKER IWKLTA' (6)

F~r,.;t Ord•,r KrCnecker Deltas

+•i= ÷-:

0 otherwi.•e (+ .1)

Seco)nd Order Kronecker Deltas

ab
6.. = *i Lf a j b, i + j. a I, b = j

ab
.b -- - if a b, i j, a j, b = i

6.. = 0 otherwisekl

This scheme can be generalized to nth order Kronecker Deltas. How-
ever, since the coordinate systems being used in this reTport are three
dimensional, the highest order Kronecker Delta encountered will be three.

Third Order Kronecker Deltas

6 abc "1 if a j b + c, a c and ijk is an evenijk permutation of abc.

abc6 ijk . -1 if a 4 b+ c, a c and ijk is an odd
permutation of abc.

6 ak . 0 otherwise
ij k

Product of Two e Symbols

be. 5ijk
abce iJ k abc

In particalar a spec.al case is
e e aJc ac

ajce ijk ilk ik

Examples

Doere e 613
123 321 31

(÷l) (-1) =--1

-i - -1 .. E.D.
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Expansion of Second Order Kronecker Delta

Ab ab ) a b6.. = 6.6.J Jl
13 13 3 j

Example:

Does 12 12 12 .,

621 261- 6162

(-1) (0) (u) - (1) (1)

(-1) = (-1) Q.E.D.

Example:

II1 1 61 I
623 = 63 2

0- (0) (0) - (0) (0)

0=0

e - Symbol Times Kronecker Delta

dejmd ema

Example:

1e e
1ejml ejm

1
But 6 1 +1

e jm1 ejm

Example:

81em2= ej1 m 8, 6 0

b2ejm2 - ~l 2

Possibilities

1 e -e2 312 311

0-0

or

1
Se 142 e e131
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RANGE AND SUMMATTON C)NIVENTIONS. The definitions are as follows$

Range Convention. When an uncapitalized letter (superscript or sub-
script) occurs unrepeated in a term, it is understood to take all the
values 1, 2 and 3, where 3 is the number of dimensions of the space; i.e.,
three dimensional space.

Summation Convention. When an uncapitalized letter (superscript or
subscript) occurs repeated in a term, then summation with respect to this
letter is understood, where the extent of summation is 1...3.

For example, consider the following expression:

].xj - M(v/xj + VXkciXCeJe)

In FXJ, the j indicates a range: j - I, 2 or 3

So there is:

FX3 - 1 (yn + vxkwxelck)

F.X2. -M(VX 2 + Vxk Ce2ck)

FX3 .M(X 2 + Vxkxe3ck)

Notice now vxkx 8ej .. In F1 7X and FX3 there are two repeated
indices--c and k. This •uld indicate a summation process according to
the summation convention:

-"' - M (V11 + vxk ,xc)"•' • M ÷v • lckJ

c ,k-l

7rX2 .± M (iVX + Vxk UxcSc)

cok-l

rX3 - j (X3 + xk,ýxc 3k
c, k-1

Ex•anding FX1, it is written:

i .(O .+ Ole illnen112 12 113

+ VXiJ22 e1 2 1 + V1X2 e2 122 + vX3X2 e123

+ VX1 wIX3e 1 3 1 + VX2 JX3e 13 2 + VX3 (OX3 e1 3 3 )M
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Collect non-vanishing terms so that
1 X3 X2 t X

eX + V 1 2 3  e132

FX1 .(,Xl . vXX2 _ VX2 x3)M

FX2 and FX3 nre treated in a similar manner.

In the above expansion of FXI, the summation and range conventions
were used. It should be noted that there is an easier method to arrive
at the expanded FX1.

FXl a M(ýX] + Vxk XCelck)

Note: elck to be non zero can only have c and k equal to 2 or 3. That iss

elck ' e123 and e132

Then for FXI we write the nct-vanishing terms immedlately:

Fl 1 - M(ýXl , VX3 X2e123 + VX2 X3e l32)

FXl . (01 4.VX3cX 2  VX2 WX3 )M

Thus, by noting the non zero propertits of the • - symbol, the sum-
mation process can be shortened.

CONTENTS OF NOMENCLATJRE. This is a descrip'.ion of the more important
individual designations that will appear in the terms of the equations,

Position - Particle to Particle. (1) This is designated by a
vector 7. In the indexed notation 7 becomes rti, which indicates that
l originates at the origin of the t-axes. There may be other vectors
juch as rsi or rni.

(2) i - 1, 2, 3 gives the particular component of rti.

(3) To difffjrentiate between various rti, a subscript is added.
There results r , rti, rti . . or for a particle: rtio" i' 2' p"

Velocity. This is:

v ti t
0

ti ti

1 1

ti ti
V2  -

and for a particle Vti *t

p P
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All dots over symbols refer to derivatives with respect to time.

Remember that ti can be replaced by y1, zit si or some other set of
coordinates.

Acceleration. This is:

si %Si .si
0 1 0

si *si ',si
a-, V 1*

and for a particle a= i
p p-p

Mass. A mass point is designated as m . When deriving equations of
motion a summation of mass points is made.

Example:

For fuselage particle: Imp = MF(mass of fuselage)

Force. In general: F - m a (vector form)

Now in indexed notation for example: fti = m ati
p pp

But the equations are developed by knowing what particles are being
manipulated. If the expression for the fuselage particle is being
sought the final form will be:

fti. m apti , where apti is acceleration and is a function of
p p p p

direction cosines, position vectors, and rates of change of both.
Integrating: ffp a FF Subscript F fuselage

IMp 0 MF. M 7EEMass of fuselage particle

Torque. Vectorial: =- r x

Now in indexed notation: tsm M m a ed. sd rJ d e fijrsd

p P p jd p p

Integratings ftSm TT if a is the acceleration associated
with the fuselage particle.

Inertia. Vectorial: The angular mementum J - [m rX ( x r)]

orm(2 + 2) n~'
or i- [•x l mi(y2 ÷ z2) " ,Y - mixiyi -z r-71 mixizi]

*x i mixYi ÷ Wy mi(x2 + z2) W L n myiZ]

*~t~ kf -w A mYz~ +a m (~X + Y~)it M~zi - Y k m iyiz i zit
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Moments of inertia are terms like:

2•m,(yi + zi Ix

Products of inertia are terms like:

I ixYi X: Ixy

m Xaxd
Now in indexed notationt I q 1 /m rxrd ekqdk p, q fixed

pq pp pa

01 r xar d. _ I I(In + +2 ÷ b -
or Jmprp rp -ad + 1 22 33 d

I pqdefines both moments and products of inertia. To m~ake this clear

consider the following examples:

fmr xa xca .em r xd~qd
pq p p p p p p pa

Example: Moment of inertia

Snjmraj xa xd ldmpr p r p, 6l a

Now 6 ld 512 and 613 are non zerola' 12, 13

Then:

A rX2 X2 12 + X3 X3813
Ill pp p 12 pp p °13

12 #i 13 . +i612 13

((r X2 x 2 2 + (rX3 2

" p "(p

Example: Product of inertia
I xa xd8 

2 d
112 -mp p p la

2d 21
Now 6 la. -I 2 l0_--la 1

Then:

X2 X1
1-2 -J*mprp rp

E: r ] ":

"r X
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Let a = 1 and d 1

X1 X1
yprp rp r -11 + (i + 122 +33 )61

16 1 +

/I /m(r X2)2 + (r)X3\2]
p p p

,rX3 2 +(r2X12

A2.r ( (r Xl) 2 *(r X2)

33 p p p

So that:

pprXl Xl Il1 +22 +I
mrp rp - -7- 7

r Xl X1 - X2 X2 _ X3rX3
r p p -p - p r p

2 2
+ X3rX3 + A rXl Xl

+/M X1 +X . rX2

AXES SYSTEMS

Two different axis systems are described--the inertial system and
the fuselage system in terms of direction cosines. Direction cosines
are the angles which define a vector in a particular axes system. The
matrices developed in this appendix relate the measurement of a unit
length in one direction as measured in a different direction. This is
accomplished by the reorientation of one axis system with respect to
another axes system. The method used is to consider that the axes
systems have common origins and then by rotating the axes of one system
with respect to the other achieve coincidence. The direction cosines
measure this rotation.

In this report objects in three dimensional space are described by
the use of Cartesian coordinates which are orthogonal by definition.
Orthogonality allows the transpose of the direction cosine matrix to
equal its inverse. It is sufficient to describe the rotation of one
axes system with respect to another by the use of three angles (Euler
angles).
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INERTIAL AXES SYSTEM. The system is identified by Na axes (d - 1, 2, 3).

NI is in the horizontal plane with positive direction North.

N2 is in thehorizontal plane with positive direction East.

N3 is normal to the NIN2 plane with positive direction down.

THE FUSELAGE AXES SYSTEM. The system is identified by xa axes (a a 1,2,3).
This axes system corresponds to the body axes system used in normal air-
craft parlance. The origin is fixed in the fuselage (usually at the
nominal center of mass). The orin of the x-axes is separated from the
origin of the N-axes by a vector r 0 -- see Figure Al.

xl is in the horizontal plane with positive direction noseward.

xl is not necessarily parallel to the water line axis defined
by the aircraft manufacturer.

x2 is in the horizontal plane with positive direction right.

x3 is normal to the xlx2 plane with positive direction down.

INERTIAL TO FUSELAGE AXES DIRECTTON COSINE 11ATRICES. Three angles, the
Euler angles are sufficiept to locate the fuse) age in inertial space.
The inertial system is translated such that its origin coincides with
the origin of the fuselage (i.e. the nominal c.m. of the aircraft).
Specific rotations of the N-axes are then made so that a unit of
measure in the N-axes can be expressed in the x-axes. In each case the
particular rotation is in a plane so that there is a rotat'*n about the
third axis--that is the rotation written as a matrix is simn q sines
and cosines of the rotating argle with the orthogonal propez &y of the
axes systems stating that sin2 + cos 2 - 1. This will become clear.

The three rotations are *, e and t.

Yaw by Angle * Around N3 Axis. Here an intermediate system N' is
defined by the rotation of * around 1N3.

Define C as direction cosine matrix.

N'I N'2 N'3 Nl

Nl Cos*v sin*' 0 -

= N2 sin* cos* N'0 -"

N3 0 0 1

NN 3
3 0 N'3

I10
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Fuselage Center of Mass o-
Mass Particle Center of Gravity

MassPartcleof Aircraft

p

$11
.,• x3usel a~ Axes

x - Body Axis

x2 Nose of

y - Body Axis
Right Wing
of Aircraft

x Fuselage Axes

.0 z - Body Axis Aircraft Body
Axes

N1
North

Inertial Axes

N3
Down

Figure Al. Inertial and Fuselage Axes
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Pitch by Angle e Around N'2 Axis. Here an intermediite system N"
is defined by the rotation of e around N' 2.

N "I1 N "2 N "3 1

N'l Cs eN' sinG 0 i N'k

N22 0 1 0

N'3 -sine 0 cosa N2\

N'3 N 3

Roll by Angle 4' Around N "1 Axis. This third rotation arrives at
the x-axes,

xl x2 x3

.N of. 1,, 0I I x

CNxm N 2 0 cos -sin.,

N"13 0 sinO Cos N' N2 x3

3.N3- J.. x 2 N "13

Combination of Three Rotations (i, e, 4). To get the final result--
the relation between the inertial coordinate system and the fuselage
coordinate system--a matrix multiplication is performed.

This multiplication is

X xt X CN

Cos# -sin* 0 cosa 0 sin0 1 0 0

sin* cos* 0 x 0 1 0 x 0 cosot -sin*

i 0 1 -sing 0 cosa 0 sin# cos_

Cos* -sin* 0 cosa sine sine sine cosO

sin* cosW O X O cos# - sin# = a

0 0 1 -sine cosO sin# cole cost

103



NAVTRADEVCEN 1205-2

xl x2 x3

N c os* cose cos* sin9 sin$ cos* sine cosO
-sin* cos$ +sin* sine

N2 sin* cosO sin* sine sin4 sin* sine cost' CNa
+coS* cost -cos* sinf xP

N3 -sine cose sint cose cos04

Note that CNa p - I

XP Na)T

where a (* P ) a (C -

( )- Inverse matrix

) T Transpose matrix

INERTIAL TO FUSELAGE AXES RATES. 4, e and ; are measured as p, q, and r

around the xl, x2 and x3 axes respectively. The dot is the total deriva-
tive with respect to time.

; Occurs Around the N3 Axis. To get the direction cosine components
refer to CNaxP"

p - (-sine)

q, ; cose sine

r - * coae cos9

A Occurs around the N'2 Axis. To get the direction cosine components
refer to

x- cN(o c

I e cos

r a (-Sino?

* Occurs Around the N' axis. To get the direction cosine coMPonents
refer to CN I.

p = ; (1)
q 4- (0)

r - (oh
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Combi.nation of Three Rates (p, ql, r).

p - (-sinS) + (0)÷ ()

q, n coaO sin# + Ocoo# (0)

r - -osO cost + 0 (-sin#) + * (0)

In matrix notation this becomes

p -sinO 0 1

ql cosO sin* cost 0 X S

r cose cos# -sin* 0o

By forming he inverse there is

-- " in 0 '"Cos

T = q1 x 0 c on 0 sien 0

# r 1 tan 9 sin 0 Tan I sos

DERIVATION OF FORCE AND TORQUI UQUATIMVS

The derivation of force and torque equations is de*e In cenonle
notation. Certain assumptions are present in the me of thew aircraft
equations of motion. These assumtions are a follwas

(a) The earth is assumed to be a flat plane with graft$y aiting
normal to this plane and it is not rotatIng o tranelatlnag
through space. In the derivation of the equations of notim,
Newton's law, 7 a ma, io used in its most st~ls farm--
there is no mass variation with change In tim .

(b) The xl and x3 fuselage axes define a plane of sym•try for

the aircraft.

(c) There is a fixed center of gravity.

(d) There is no relative motion betwen the earth and Its
atmosphere.

The equations will now be developed using the inrtbal and fUslaeqr
axes, Newton's lav, and direction cosines o4 the ftlertan angles.

sevtaloua moo 1
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r'>' ICE AJ ;,�;i ATF) 4"�T THE F,,,;ELA 'E Aý2 TC.LE. The position of m for the
f Iti ,•'i ir-r.ctic'1e with respect tu Ni frime of reference is statEd au:

N•i Ni xa Nir =r +r C . iee Figure Al.

Mhe inert ia' syv3tem ve Iocity ij t iven as:
VNi. •N Ni •XaNi xa•'Ni Ni

'" 0 + = p C x+ r by differentiation of rp o p x a p a
Ni . VLi Xa ýN i 14xa NJ

1 p r a pi . O since rp constant
p p xa pp

but *Nj CNt xc
xa xb ( abc' therefore

VNi '4Ni rxa[Ni xe Al

pi o p4- rxa eabc by substitution (Al)
P 0 pxbk c

Note: For vector treatment of this, refer to Reference 3, Theoretical
Physics - Mechanics by F. W. Constant, pages 69 to 71.

The inertial system acceleration is given by a 3sriilnir procedure as

Ni *Ni% p
Ni .Ni xa [cNx "Ni xc"ap P r p xb eabc + xb eabc]

a o p [xb eb÷Ceb]
Ni Ni xa cNixc Ni xg xc

p o p xb abc p xh bhg abc

For a particular mass particle mp it can be said that

fNi = m aNi (A3)
p p p

and transforming to the x-axis

fxj - m aicj (A3)
p pp Ni "

Substituting (A2) into (A3) yields

rx i M .MNi + rxa Ni xce abc %)ixg e Ni
P PRo p xb eabc p xh ebhgeabc ]CNi

Interchange b and h where they both appear in the same term and
then by changing b to j,

po i + rp eceajc + rp ehegeahc]. (Ab)
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Now ii written

vi .Ni
0

Vxj = Ni ,x~j
o ýNi

XJ *Nicxj Ni xk xc (
o . Ni +r CN"'~ ejkc, A5

Vxk .N-!,xk (A6)
o Ni

Subs tit utinfg (A6) into (A5) gives
xj=. Niexj ,, Vx kJkc

0 Ni k

Henrranging and letting e jkc e, -e.

.,1N.,xj = xj ~. xkxc,.(7
o *'Ni = IeCk * (?

Substituting (A7) into (A)4) offers

fX.j = m . j + Vk Wxbe )+r x e r a1. gXe e

p P rT'rei jbk P j ach

Integrating over f'3 , mn and mn r xa fin;;l~y yields.
p " p T

F3
+VkXe +ic F ajc F X abc bjg~

S nce

ahc~h = ca=

F"2  P(X eXk + cx
F ~~ jC )CAY~~~x

(0~)

ry-: Jii :J.'LF r()'ME Th 0 FFW2FAFA -MTILE. The Jef inition of *torque offers:

r Xi x I

FVSt S,-y rrflow, nF7 the flr'mle, *.ne t~or ue of a p~article can be developed
o~y ib::Vt~t ftr fx-1 the term'~s m ax-J from, (A8) rai

pr reliing, 'ýf course,

thal th I he! acceleratior e'xrress Ion ievelored fric the fuselage
ra~r'tcie. "her .t f,)ll.,w3 :r, nes'bstitution that

t ~ ~~2e4ck) +er 8 ai r C mfReid

(,A9)
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By substituting (A9) into the expression

Atxm = T xm (AlO)

There is obtained
mxd Vx*vkX

F p p jck jmd

+ /m xa xd xc (All)+mpp rP Pn aj ceJmd

+ xarxdxcxxg6ge
A'p p p ca jmd

Consider the second and third terms of the expression (All). These
will be developed using the definition of inertia. The definition is:

'p x pa xde
Ipq m p rp rp epakeqdk, with p, q fixed (A12)

p xa xdrPa (A13)Ipq p jpp rp qd I

or.,
xa xd 1 aSxar r =r 1 ad + ½(Ill + 22 + 1 33)6. (Alh)rprp -l1a2d3

Ir xa xd xc I xc (A15)
pp p ajcejmd Fcm

Now is written

!m rXar XdWXC Uxg 6 J jgej
p p p ca jmj

= -a I"I2+ I3)6a) W xc Wg6Jge" (A16)
ad + Ill+ 22 33 dca jmd

and knowing that

d ejmd = ejma

6 jg 6J4g - 6 J 6 g (A17)
ca ca a c

Substitution of (AM7) into (A16) gives
.fm rXarxd(xc (xg6jge

p p p ca jnd

- WxcWxg1  e (06j - 649g)
"adejmd(c a a e)

i "I1 + 22 + 133) (J6gca a cJg) c-•cXC ejma
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+-W xc(A) xgl )e x xc xc

gd cmd Iadeanid

1 xx In + 33 - F1c xc 1 122 + 133)ell

S Wxc xgI decmd (A18)
Fg

Then, in conclusion,

U - yxd~i +jck jad

+I JcC - W'cw'gI e (A19)
,PCs Fgd cnxi

which is obtained by substitution of (AJ5) and (A18) into (All).

UPAMSIOI OF FORCE AND TORQUE EQUATIONS. Equation A8 is the force equatiom
and equation A19 is the torque equation. The terms in these equations are
defined as follows:

(a) N is the aircraft mass.

(b) V'x are body axes velocities.

(c) '" is an angular velocity around the approprir.te body axis.

(d) rF is the displacement of the center of gnivit from

origin of the x-axes. Here r. - 0.

(e) eFj are body axes forces.F

(f) T-"' are body axes torques.

Dropping the subscript F these equations are then written ase

FxJ . M(vJ + VxkWxcejk)

T.1" - I cxc xgWd1  e x
CAR gd cmd"

Ixpanding these equations there is$

7xl . M(Vxl . X3.x2 Vx2 x3

1,x2 - M( e 2 + -xx Vrx3~,xl)

Ix3 a (33 3 + x2W2x1 _ VxlWx 2 )

7 -111 &X + ý3x3 x2,xl 1 +,oX2W x3 13 ,x3,x2 2
Tx 2 . x2 - xlxl xx 1X33 +x3tlx1 + x313

" 12 -•• 1 33 + " Ill C 131

Tz x . 3 -+ xl - x2x3 - x2 xl T1+ ,Oxl 2
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Since the aircraft is symmetric with the xl - x3 plane only the 113 products
of inertia exist. 113 carries a minus sign.

Finally, by using more conventional nomenclature these force and moment
equations will be more rea4dily recognized. Fxl, Fx , Fx 3 , Txl, Tx2 and
TX3 are the total external forces and torques, and as such denote aerodynamic
effects (also gravity and thrust effects if applicable).

- Xa total aerodynamic x-force.

Fx 2 " ya' total aerodynamic y-force.

= Z a' total aerodynamic z-force.

a La total aerodynamic rolling moment.

Tx2  M a' total aerodynamic pitching moment.

Tx3 Nat total aerodynamic turning moment.

vxl - U, velocity along x-body axis.

Vx2 - V, velocity along y-body axis.

ex3 . W, velocity along z-body axis.

Wxl - p, angular velocity around x-body axis.

Wx2 - ql, angular velocity around y-body axis.

Wx3 a r, angular velocity around z-bodc axis.

M - m, the aircraft mass.

The equations for the basic aircraft then become the following expressions.

Xa - m(6 + Wql -Vr)

Ya a m(V + Ur - Wp)

Za = m(W + Vp Uql)

La =L1 '13(f + pql) + (133 - I 2 2 )qIr

Ma -I2241 1 i 1 3 (r 2 . 2 ) + (1,, 13 3 )pr

Na a I 3 3 fl- I13(( - qlr) + (I22 - ll)pq1
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